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Abstract

In this paper, we consider solution methods for the nonlinear reactive transport
equation used to model the protein adsorption process. Efficient methods
for simulating this process are necessary to aid in the development of novel
adsorptive chromatography media to ensure high-volume production of purified
product for the purposes of biotherapeutics. Using MATLAB®, we compare
four finite difference schemes used to solve the nonlinear reactive transport
equation, focusing on the differences of efficacy between implicit and explicit
methods. As such, two of the methods are semi-implicit and two are explicit
with one of each kind using a first-order temporal scheme and one of each using
a second-order temporal scheme. The semi-implicit methods evaluate almost
all terms implicitly while lagging the nonlinear coefficient function in time to
linearize the equations. We include numerical results that indicate optimal
convergence of the schemes, and we compare the effectiveness of the schemes in
matching experimental data using two different boundary conditions.

1 Introduction

Recent decades have seen a large increase in demand for next-generation bio-
logics, that is, therapies derived from biological sources [1, 2, 3]. In particular,
the use of protein therapeutics such as monoclonal antibodies for treatment
of COVID-19 and other viruses has led to a need for fast production of such
biotherapeutics. Meeting these needs requires the development of novel ad-
sorptive chromatography media to ensure high-volume throughput of purified
product.

Resin-bead chromatography, which is used for many bioseparation neads because
of its reliability, is relatively slow with low efficiency and, as a result, is consid-
ered a “must be addressed" factor to meet the rising demand [4]. Membrane
chromatography, which uses a porous, adsorptive membrane instead of small
resin beads, is being studied as an alternative to resin bead chromatography
(see for example [5, 6, 7, 8, 9, 10, 11] and references therein). Membranes enable
higher productivity because they maintain high protein binding capacities at
higher flow rates [9]. Efficient methods for simulating the chromatography
process using membranes could aid in the development of these media to reduce
cost and production time.

Separation processes using adsorptive membranes can be modeled using the
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reactive transport equation [12]

aC dq

0+ ps (1- ) 3

where @ is the porosity of the media or solid phase, p; is the density of the solid

phase, C is the liquid phase concentration, ¢ is the solid phase concentration (or

adsorbent), u is the Darcy velocity, and D is the hydrodynamic dispersion tensor.
The function f represents sources and/or sinks within the domain Q.

+V.(uC)-V-DVC)=f, x€Q, t>0 (1)

Some novel chromatography membranes being studied use multiple modes of
interaction with the product to recover it selectively from impurities in the
solution, leading to mathematically complex, nonlinear models to describe
the adsorption relationship between C and ¢ [10, 11, 13, 14, 15]. Since the
nonlinearity is connected to a time-derivative term, handling this term is non-
trivial particularly considering the fact that stability issues commonly arise
with explicit numerical solutions of the transport equation.

Due to the nonlinearity arising from the adsorption model, fully explicit methods
are easier to implement and are faster to solve in each time iteration. However,
fully explicit methods introduce a time step restriction that is not always
practical when simulating experimental data. In that case, implicit methods
may be faster in the long run since larger time steps are allowed with implicit
methods. Still, implicit methods are more complex to implement and care
needs to be taken when solving the nonlinearity arising from the adsorption
model which is associated with a time-derivative term. While this paper focuses
on solution methods with an explicitly-defined adsorption isotherm, having a
thorough understanding of methods applied to explicitly-defined adsorption
models will provide a basis for future work considering an implicitly-defined
isotherm as in [13] which more accurately models multi-modal adsorption.

In general, solution algorithms for these types of transport problems coupled with
adsorption models have been well documented. In many cases, finite elements
are used to spatially discretize the equation [16, 17, 18, 19, 20, 33, 22, 23, 24, 25].
Because of the potential nonlinearity arising from the adsorption model, the use
of finite elements leads to a complex standard form causing higher-order temporal
integration methods to be hard to implement. Using finite differences [19, 26, 27
for the spatial discretization greatly simplifies the standard form, and hence
higher-order temporal schemes are easier to use with finite differences.

Although finite differences have been used to solve similar transport problems
with adsorption, the research team involving the authors has focused on finite
element methods in the past [23, 24, 25]. Recent work by our group [25] has
compared different higher order temporal discretization schemes using finite
elements applied to these types of problems in the case of membrane adsorption
and nonlinear adsorption models. Hence the work presented in this paper
is meant as a comparison of the same higher order temporal discretization
algorithms using finite difference methods applied to the same problem. This
paper focuses on using finite differences to solve the one-dimensional reactive
transport equation (1) and compares implicit and explicit finite difference
schemes using both a first- and second-order temporal integration scheme for
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each case of finite difference scheme. MATLAB® is used to implement the
finite difference schemes. In this paper, we use an explicit function to describe
the relationship between the solid phase concentration g and the liquid phase
concentration C, i.e., g = g(C), as is the case for the Langmuir and Freundlich
isotherms. These explicit models represent separation processes defined by
a single interaction mode, e.g., ion exchange or hydrophobic interaction [28].
We hope to extend the solution methods studied in this paper to account for
multiple modes of adsorption by using an implicitly defined isotherm as in
[13].

2 Model Equations

In this paper, we restrict our attention to the one-dimensional problem so that
the domain Q is a bounded domain in R!, ie. Q = [a,b] with |a| < o, |b| < co.
The inflow boundary of Q corresponds to x = a and the outflow boundary
corresponds to x = b.

The transport and adsorption of product at a concentration C in a porous
medium can be modeled in one dimension using the reactive transport (advection-
diffusion-reaction) equation [12, 33, 26]

aC dqg dIC _9*C
q=g(q,0), x € [a,b],t >0, (3)

with the initial and boundary conditions

C(x,0) = Cy, X € [a,b], (4)
q(x,0)=qo, x€la,b], (5)
C(a,t) = Cpy, t>0, (6)
aC

Fr =0, t>0. (7)

Here C is the liquid phase concentration, g is the solid phase concentration
(or the adsorbed concentration), @ and ps are the porosity and density of the
membrane respectively, u is the (Darcy) velocity through the membrane, D is the
hydrodynamic dispersion tensor, and f = f(x,f) is a forcing function normally
taken to be 0 in the case of protein chromatography. We note that (6) uses
a Dirichlet boundary condition on the inflow since the inflow concentration is
known, and (7) uses a homogeneous Neumann condition to model continuity of
concentration at the outflow. An alternate inflow condition using a Robin-type
condition, specifically

uC—Dg—i = uCjy, x=a,t >0, (8)
can be used to model continuity of flux at the inflow. The two conditions (7)
and (8) are the so-called Danckwerts boundary conditions [27, 29]. These are
considered in the simulations as a point of comparison.

Equation (2) describes the flow of the carrying fluid through the membrane,
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where we assume instantaneous adsorption of the desired product from solution.
The system is closed by the isotherm relationship, equation (3), which gives
the isotherm relationship which describes the ability of the membrane to bind
the protein. This relationship can be explicit linear or nonlinear functions of
concentration [12], or it can be defined as a nonlinear, implicitly function of ¢
and C [13, 30].

The solution methods in this paper are applied to the modified system in which
the chain rule is used to rewrite the reactive transport equation (2). Rearranging
(3) and differentiating in time, we have

dg dglgq,C
-2l g )
dq dgdq dgdC
o dqar acar " (10
dg  dg/oC IC  _ ac
where 2¢/3C
5 _ 98
Substituting (11) in (2) leads to the modified modeling equations:
acC
q=128(4,0). (14)

Note that in the case of an explicit isotherm equation, g simplifies to g(C) =
dg/dC = ¢'(C), and hence the system reduces to one equation with one un-
known:

(a)+(1fa))psg(C))%+u-VC7V~(DVC):f. (15)

3 Numerical Solution Schemes

For the numerical solution schemes, we assume an explicit isotherm model
and apply finite difference methods to spatially discretize the one-dimensional
reactive transport equation given in (15). We consider both explicit and semi-
implicit temporal solution methods.

The semi-implicit methods evaluate almost all terms implicitly while lagging the
nonlinear coefficient function g(C) in time to linearize the equations as detailed
in Section 3.1.1. For both the semi-implicit case and the explicit case, we apply
a first-order and a second-order discretization method. Respectively for semi-
implicit methods, we use lagged Backward Euler and lagged Implicit Trapezoid
methods; and for explicit methods, we use Forward Euler and Improved Euler
(Explicit Trapezoid).

The fully discrete problem partitions the time interval [fp, T| and spatial domain
[XQ,Xs] as
O=t<h<---<ty=T and a=xp<x1<---<xs=b
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respectively where Af =t,,11 —t, with ¢, = nAr and Ax = x;11 — x; with x; = iAx.
Defining f' := f(t,,x;) we have C" = C(t,,x) and ¢" = ¢ (t,,x) for the continuous
solutions and C!' = C(t,,x;) and ¢! = ¢ (t,,x;) for the discrete solutions. We will
denote the discrete solutions in their entirety by € and 4.

3.1 Semi-Implicit Methods

In this section, we derive the systems of equations needed to solve the reactive
transport equation (15) beginning with two different implicit methods: Back-
ward Euler and Implicit Trapezoid. With both methods, we lag the coefficient
function in equation (15) in order to linearize the equation and avoid an other-
wise necessary root-finding method, such as Newton’s method. This lagging
changes our methods to semi-implicit.

3.1.1 First-Order in Time: Backward Euler

From equation (15), we define g(C) = 0+ (1 — ®)psq'(C) and apply finite differ-

. . 2 . .
ence approximations to ‘3—5 and §7§ and a Backward Euler temporal discretiza-

tion to %—f to get

[ -t cr,—Cr cr, —2C"+Cn
g(Cln 1)( i Att >+u;1< l+1Ax l>_D;1< i+1 (Axl)z i l>:fin~

where g(C?_l) is lagged in time to linearize the equation. Rearranging we
find

(_ D} At )Cﬂ +<1_ u'At N 2D} At )C”
g(Cr a2 ) ! g(CrHAx - g(Cr ) (Ax)2 )

w/Ar DAt I At \
+<g<C£"1>Ax g<C?-1><Ax>2> =G +<g<c;*-1>)f" (16)

Denoting the coefficients of C7_, C7', and C}_ | by X", ¥", and Z] respectively,

14

and renaming the right hand side of (16) as R?"!, we have simply

XIClLy + Y/l +ZICly =R (17)
A system of equations is then formed using (17) and the boundary conditions
described in Section 2.

To enforce the nonhomogeneous Dirichlet boundary condition at the inflow
given by (6) and the homogeneous Neumann boundary condition at the outflow
given by (7), we respectively set

Cy=Cip and Cg=Cg_,. (18)
3.1.2 Second-Order in Time: Implicit Trapezoid

For the Implicit Trapezoid method we isolate %—f to get

aC 1 aCc 2*C
+DW+f =F(1,0). (19)

o g0 Tox
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Applying finite difference methods to —‘35 and %g’ we now arrive at
1 Ciy1— G Cit1—2Ci+Ci—
Ft,C)=——|—u| ——— D| ——— |- 20
(t.) g(G) [ “’( A )T (Ax)? I (20)

Note that we still use a first order approximation for the first derivative even
though Implicit Trapezoid is a second-order method in time. Second order,
centered-difference approximations for the first derivative term are known to
be less accurate near a concentration front caused by an inflow flux as we are
considering in this case. In the case of protein chromatography, accuracy near
the concentration front is of vital importance. Forward or backward difference
approximations are more accurate in this case. However, second-order, one-sided
approximations cannot be used near the boundaries. Initial experimentation
using a different approximation (either a centered-difference or first-order) near
the boundary showed a reduction in the accuracy of the approximation so that
using a second-order, one-sided approximation did not pay off. Hence we chose
to use the simpler first-order approximation.

Evaluating at the nth time step gives

1 ct,=C ct, =200 +C}
F l",C(l _ —u" i+1 i )+D"l< i+1 i z—l) + _n:|7
= gy | (P AL /i

where we lag g(C) in order to avoid root-finding methods. F(C'~',#"!) is
obtained similarly by evaluating (20) at the n— lst time step. Then applying
an Implicit Trapezoid approximation, we obtain

ag-ct 1 GG + o -G n
At 2g(Cr 1) : Ax Ax
cry-2cr+cr oyl -2t
n i+1 i i—1 i+1 i i—1 n n—1
of (5 g ) )

Multiplying by (Ax)?At on both sides, expanding, and gathering like terms, we
obtain

DiAt . u} ArAx D} At 2\
St |Gt i e el CAV) ) L&
2g(C) 2g(C'77)  g(C)

( uAtAx N DA )
2e(c7")  2g(crh)

n
i+1

D?Ar "AtAx D?Ar
_ < i = )C;Z_]l < u; — + l_1 (AX)Z)C?_I
28(¢) 28(C7)  g(Ci)
( ufArAx  DiAr )C”'+ (_ (Ax)>At
— — +1 _
2g(Cr) 2g(Cph)) 2g(C 1)

)w+ﬁw.@n

Denoting the coefficients of C7'_|, C}', and C};

proximation by Yi", )7i", and Zf respectively, and renaming the right hand side

for the Implicit Trapezoid ap-
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of (21) as R, we get
X'Cly+ Y+ 20, = R

We note that although the system simplifies to a tridiagonal matrix as with
Backward Euler, Xi”, )A’l-", Zi", and Iég’*l are much more complicated so that
more care must be taken when programming the equations. The process for
calculating the concentration at any given time is now identical to that of
Backward Euler.

3.2  Fully Explicit Methods

In this section, we derive the systems of equations needed to solve the reactive
transport equation (15) using two different fully explicit methods: Forward
Euler and Improved Euler (Explicit Trapezoid). Since explicit methods have
known stability issues, a right-sided approximation is used to approximate %—f

to increase the stability of the explicit method solutions.
3.2.1 First-Order in Time: Forward Euler

As with the implicit methods, we use finite difference approximations for the
spatial derivatives in (15), but now apply a Forward Euler approximation for

%—f to get
cr—cr! crl—cr!
C‘nfl i i n—1 i+1 i
8(C; )(Al ) tu A

-1 1 -l
—D'.‘1<C?H 26 +C )

& =F

where again g(C) = 0+ (1 — ®)psq'(C). We then solve for C! getting
. <1+ wlar 2D )C."l
’ g(G A (a2
( —u' A N DA )
g(ClHax  g(Crh) (Ax)?

n

n—1 D} 'Ar n-1 '

G+ (g(C{‘l)(AxV) i1 +g(Cf’l)' (22)

For simplicity, we let X/~ ', ¥"~!, Z'! denote the coefficient functions of C7}',
c Cfﬂr_ll respectively and F"~! denote the last term in (22). Then we have
simply

cr=xrlo vy lop vz e + Y

for all interior nodes (i =1,...,S—1). We enforce the boundary conditions on
the exterior nodes as described in Section 3.1.1.

3.2.2 Second-Order in Time: Improved Euler (Explicit
Trapezoid)

To obtain the Improved Euler formulation, we use an explicit approximation of
the Implicit Trapezoid rule:

G-t 1 ~ —1 n—1
4t = |\F({",CH+F (" ,C} 2
A 5 |[FUCGH+HFE,G), (23)
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where €7 = C* 1 + AtF ("~1,C" 1) is the Forward Euler approximation of C and
F(t,G;) is given by (20). Our derivation for C is the same as our Forward Euler
derivation above, but we store it with different variables; namely, we label our
coefficients as FXi"*l, F Yl.”*l, and F Zlf’*l and the final term as F Fi"’]:

G =Fxr ' + Pyl Pz Ol + R
The F in each term stands for Forward as these are the coefficients for the

Forward Euler solution.
Next we use C to calculate the first term on the right side of (23)
. 1 cr,—Cr Cr, —2Cr+C!
F l‘n,C(l — _ n_ . n i+l i D" i+l i i—1
8 = gy | () o ()

which we will denote by PF, with P standing for Primary. Rearranging, we
get

o Di u;’ ~n
PRGN = (g<c‘?><Ax>2 ) g<fi‘?>A’C>C[+1

_|_( uw 2D} )C‘”
g(ChHAx  g(Ch)(Ax)2) !

D N\ A
(s )ty @

and for simplicity we rewrite this as

PF(t",C") = PX"'C\ + PY" '\ C! + PZ'CP + PPF .

by renaming the coefficients and last term of (24) as PXi”*I, PYi”*I, PZi”*l, and
PpF"! respectively.

The calculations for F (t”_l,Ci"*l), the second F in our Improved Euler formula,
are similar to the Primary calculations above with the only difference being the
shift to the n—1 time step. We use the label SF, standing for Secondary F to
distinguish this term. The Improved Euler Formula is then given by

At -
Gl =Ci~ 4 |PF(". G+ SF(,C1 7).

We use this equation for all interior nodes (i =1,...,S—1). Again, we enforce the
boundary conditions on the exterior nodes as described in Section 3.1.1.

4 Numerical Results

In this section, we present results from implementations of the finite difference
schemes described in this paper using MATLAB®. First, we give numerical
convergence rates for the numerical approximation to the 1D nonlinear reactive
transport equation using the four finite difference methods described in Section
3. Second, we compare numerical simulation data to experimental data in
an effort to determine better ways to accurately predict breakthrough. We
conclude this section with a comparison of the methods.
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4.1 Computation of Convergence Rates

To illustrate the solution methods were performing correctly, we computed the
numerical error convergence rates for each of the four methods described above.
The error was calculated by computing the discrete L?>(L?) and L*(L?) time-
space norms of the difference between the theoretical and numerical solutions
for each method [31].

For the computation of convergence rates, we take the domain to be [y, T] x
[x0,xs] = [0,1] x [0,1]. The right hand side function f, the boundary conditions,
and the initial condition were determined by the chosen true solution
C(t,x) = tsin(mx).

Note that this function has homogeneous Dirichlet boundary conditions and an
initial function that is zero everywhere. Additionally for simplicity, parameters
are chosen to be the following

D=1lu=1,p,=1,Ky=1, and gpex =1, 0=.5
where K.y and g,qx are the parameters in the Langmuir adsorption model

en -
e

As mentioned above, we make use of the discrete L?>(L?) and L(L?) time-space

norms [31] which we denote for simplicity as |- [[;2( 7.12(0)) @nd |- =0, 7:22(0))

respectively. Specifically, for the exact solution C(t,x) and the approximate

solution C,

v 1/2
€= Cllae) = (Z can,) —é"liz(g)dt>
n=0

and . .
IC=Cll=2) = OglnagNHC(t"") —C" 20
where S 12
)l = £ (-7

To obtain the order of convergence for the error for both the Forward Euler
and Backward Euler solutions, Ax and At are each cut in half as the errors
are calculated for each pair of discretization values ((Ar);,(Ax);). The order of
convergence is then calculated by

Err;
n Err;j
Order; = 71 x (26)
NE
where Err; indicates either the L? time-space norm ||- || 12(0,7:12()) Or the L

time-space norm ||+ {|;=( 7.12(q))- Since Forward Euler and Backward Euler are
both first-order time discretization methods, we expect the order to approach 1
as At and Ax are decreased.
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For the second order methods (Implicit Trapezoid and Improved Euler), the
discretization parameters were treated separately. Specifically, At was again cut
in half each time while Ax was cut by a fourth; this was to account for the fact
that the finite difference approximation used for the spatial derivative ‘3—5 is
only first order. The order was calculated the same as in (26). We then expect
the order to approach 2 as Ar and Ax are decreased indicating that the methods

are second order in time.

4.1.1  Fully Implicit Methods

First-Order in Time: Backward Euler Backward Euler, being a first
order method, is €(Ar), so in combination with the finite difference formulas
this leads to an overall error that is linear in both space and time as in

1C = Cll 1212y ~ O(A1 + Ax)

and
||C_CHL°°(L2) ~ O(At + Ax)

where C is the exact solution and € is the approximate solution. Therefore, we
expect the rate of convergence to converge to 1 as At and Ax decrease which is
shown by the results in Table 1.

IC— €[~ | 5-221E-02 | 2.308E-02 | 1.082E-02 | 5.237E-03 | 2.575E-03
Rate - 1.1776 1.0926 1.0474 1.0240

IC—Cllz2) | 2-973E-02 | 1.282E-02 | 5.936E-03 | 2.853E-03 | 1.399-03
Rate - 1.2131 1.1110 1.0568 1.0288

Table 1: Approximation errors and experimental convergence rates for the
Backward Euler approximation. As Ar and Ax are cut in half, the L? error is
reduced the same amount which is consistent with the theoretical convergence
rates.

Second-Order in Time: Implicit Trapezoid Implicit Trapezoid is a second
order method in time, &'(Ar?). In combination with the finite difference formulas
this leads to an overall error that is linear in space yet quadratic in time as
in
A 2
1€ = Cll2(2) ~ O((Ar)" + Ax)

and
IC = Cllg(z2) ~ O((A1)* + Ax)

where C is the exact solution and C is the approximate solution. As expected,
we see the convergence rate approaching 2 with both the L* and L? errors as
shown in Table 2.
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| Aa) = | (1) | Gow | (s [ (Geoms) |

IC—Cll=(z2) | 1.334E-01 | 2.327E-02 | 5.237E-03 | 1.256E-03
Rate - 2.5193 2.1515 2.0596

IC—Cll22) | 7.687E-02 | 1.308E-02 | 2.873E-03 | 6.688E-04
Rate - 2.5553 2.1867 2.1029

Table 2: Approximation errors and experimental convergence rates for the
Implicit Trapezoid approximation. As At is cut in half and Ax is cut into fourths,
the L? error is reduced by a fourth which indicates quadratic convergence in
time. Note that only four columns of data are given because of the small size of
Ar and Ax.

4.1.2  Fully Explicit Methods

First-Order in Time: Forward Euler As with Backward Euler, Forwad
Euler is a first-order time integration method. Therefore, we expect the rate
of convergence to approach to 1 as Ar and Ax decrease which is shown by the
results in Table 3. As Forward Euler is a fully explicit method, the stability of
the solution depends on At being small enough with respect to Ax. Although a
full theoretical stability analysis is ongoing, we expect from initial numerical
investigations to have a second order stability requirement, i.e. At ~ @((Ax)?).
Furthermore, this requirement is consistent with what is expected for numerical

stability in non-reactive diffusion problems [32]. Therefore to ensure stability of

the error results shown in Table 3, we set Ar = % and reduce Ax by half each

time.

Lo [ oa— [ 5 [ 3 | & [ % [ 5 |
4B 0=l o2y | 418E-01 | 1.34E-01 | 5.32E-02 | 2.35E-02 | 1.10E-02
Rate - 1.64 1.33 117 1.09
[C—Cll2z) | 232E-01 | 7.53E-02 | 2.98E-02 | 1.32E-02 | 6.20E-03
Rate - 1.62 1.33 1.17 1.09

Table 3: Approximation errors and experimental convergence rates for the
Forward Euler approximation. As Ax and Ar decrease, the convergence rate
approaches 1 indicating a linear rate.

Second-Order in Time: Improved Euler (Explicit Trapezoid) As
with the Implicit Trapezoid method, Improved Euler is a second-order time
integration method resulting in an overall error that is linear in space yet
quadratic in time. To account for the slower spatial convergence, we modify
the error computations similarly to what was done with Implicit Trapezoid: Ax
is reduced by a fourth while Az is reduced by only a half. We then expect the
convergence rate to approach 2 as is shown in Table 4 with both the L™ and L?
errors for Improved Euler.

As with Forward Euler, Improved Euler is a fully explicit method therefore
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requiring a stability condition on A¢. Again from initial numerical investigations,
we expect At ~ O(Ax)?. To maintain stability of the solution for the error
computations with Ar and Ax being reduced by half independently in each
iteration, we set Ar very small to start, specifically Ar = ﬁ(Axo)z where
Axg = 0.5 is the initial Ax value.

@)~ | (e @)3) [ (@@ 3) | (Bw ) 3%) | (@w () ) |

[C=Cll=z) | 4.18E-01 5.32E-02 1.10E-02 2.62E-03
Rate 2.974 2.270 2.072

€= Cllz ) 2.31E-01 2.99E-02 6.20E-03 1.47E-03
Rate 2.952 2.268 2.072

Table 4: Approximation errors and experimental convergence rates for the
Improved Euler approximation. As Ax and Ar decrease, the convergence rate
approaches 2 indicating a quadratic rate. Note that, as with the Implicit
Trapezoid results, only four columns of data are given because of the small size
of Ar and Ax.

4.2 Experimental Comparison

To determine the efficacy of our simulation methods, we compare the simulated
solution to experimental data. For the comparison with experimental data, we
choose parameter values to mimic the associated laboratory conditions. The
experimental data was obtained by Juan Wang in the Department of Chemical
and Biomolecular Engineering at Clemson University as part of Scott Husson’s
Bioseparations and Advanced Separation Materials research group.

The multimodal membrane (MMM) was prepared by modification of a commer-
cial regenerated cellulose membrane from Whatman, Inc., which has an average
effective pore size of 1 um and a thickness of 0.7 mm. Details of membrane
synthesis were described previously [10]. A stack of 10 MMMs was placed in a
Mustang Coin® module (Pall Corporation, Port Washington, NY) with one piece
of 25 pm nominal pore diameter filter paper (Whatman 5) placed on each side of
the stack. The resulting bed height of the module is approximately 0.7 cm. We
orient our one-dimensional model in the vertical direction; hence, the interval
for x is [a,b] = [0,0.7]. The effective membrane diameter within the module is
1.6 cm, but this does not affect the one-dimensional model. The module was
installed in an AKTA purifier. The membrane bed porosity was measured to
be @ = 0.84. The interval for r was chosen to simulate the entire adsorption
portion of the chromatography process which was found to be [0,7] = [0,80] for
the laboratory experiment. An immunoglobulin G (IgG) protein feed solution
was pumped vertically through the membrane module using a constant pressure
differential providing a constant flow rate of 0.1 mL/min.

For the dispersion, we chose a model correlated with low Peclet numbers [12]
to account for the spreading effect due to both diffusion and convective flow.
In the case of one-dimension, we consider only the longitudinal dispersivity Dy,
which is modeled in a low Peclét flow regime as

D:DL:a)do+(XL|u|,
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where o is the porosity, dy is the diffusion coefficient, |u| is the mean microscopic
velocity, and @ and ar are the longitudinal and transverse dispersivities,
respectively. For an understanding of dispersion models in higher dimensions,
one can see for example [12]. As stated above, the flow is purely vertical for the
physical experiment being considered so we orient the longitudinal direction of
the dispersion in the vertical direction.

Values for the diffusion coefficient of protein molecules in porous membranes
range from 6 x 10™* c¢m? /min (for small proteins such as glycine) to 2.28 x 1073
cm?/min (for large proteins such as immunoglobulin G) [33]. We chose a
diffusion coefficient value of 2.28 x 107> cm?/min as IgG was used in the
experiment.

The value for the mean microscopic velocity |u| was approximated from the
constant flow rate. As the experimental flow rate is 0.1 mL/min:

u| ~ %er“te = 0.0497 cm/min. (27)

r

The value given in (27) was also used for the coefficient velocity function
for the advection term in the reactive transport equation (15) when using a
Dirichlet inflow boundary condition. When considering a Danckwerts inflow
boundary condition, u in both the reactive transport equation (15) and the
inflow boundary condition (8) was taken to be as large as the flow rate (0.1) in
an attempt to increase the accuracy of the simulations.

Values for the longitudinal dispersivity, oz, are known to vary depending on the
physical properties of the membrane. Experimental values for ¢ on a small
scale range from around a few millimeters to nearly a hundred centimeters
depending on the porosity [12, 34], and oy, decreases as the porosity increases
[35]. As our porosity is closer to 1, oy should be on the lower end of this range,
i.e., on the order of a few millimeters. The specific value of a; was chosen to
obtain a better match between the experimental and simulated data while still
staying in the acceptable range. The specific values used are given with the
results below.

For the numerical simulation results shown below, we use Langmuir’s adsorption
model (equation (25)) and obtained guq« and K., by fitting the model to
measured adsorption isotherm data:

Gmax =150 mg/mL  and K., =2.06 mL/mg.

We set Ax and At to be small enough for each method to ensure the error in the
numerical methods did not affect the results significantly. More specifics are
given with the results below.

Productivity is an important metric in evaluating bind-and-elute chromatogra-
phy processes. Previously, Husson and coworkers [9] defined productivity as the
mass of protein that can bind per volume of membrane per time, and provided
a convenient expression to calculate it:

denamic

(28)
threak

Productivity =
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where Baynamic is the dynamic binding capacity and fyreax is the time it takes
to reach the point of 10% breakthrough, i.e., the time at which the column
effluent concentration reaches 10% of the feed concentration. Focusing on a 10%
breakthrough is commonly used in practice as the time at which the protein
column would be moved to the next stage in a continuous chromatography
process [36, 37]. From a productivity standpoint, differences in dynamic binding
capacity do not impact productivity nearly as significantly as differences in
residence times [9]. Therefore, high productivities can be achieved when the
time to breakthrough is short; that is, the membrane quickly reaches its capacity
to bind proteins. Hence accurately predicting the time to 10% breakthrough is
of great importance when simulating the chromatography process.

The information on protein breakthrough is visualized using a breakthrough
curve, a plot of the relative concentration (C/Cj,) of the effluent (outflow) as a
function of time. In other words, Figures 1 and 2 show C/C;, = C(b)/Ciy as a
function of time. We assessed the validity of our approach by comparing our
simulated breakthrough curves with the experimental curves generated from
laboratory data.

4.2.1  Fully Implicit Methods

In this section, we compare the numerical solutions obtained from Backward
Euler and Implicit Trapezoid with the experimental data described above.
Figure 1 shows comparisons of the numerical solutions to the experimental
data. The discretization parameters were set to (Af,Ax) = (0.1,0.1) to generate
the numerical solutions. Both Backward Euler and Implicit Trapezoid using
a Dirichlet inflow condition produced results that matched the experimental
data very well up through approximately 40% breakthrough (where the curves
intersect).

Although the accuracy of the simulations decreases after 40% breakthrough,
these methods still provide a high amount of accuracy since predicting the
experimental results close to column saturation is known to be difficult due
to complex end behavior in the adsorption phase of the chromotographic
process. The reasons for this complexity are still unclear but are thought to
be cause by protein-protein interactions, non-specific binding, and multilayer
adsorption effects [36]. Dimartino, Boi, and Sarti even point out that using
the entire range of the concentration during the adsorption process would in
fact make the model less accurate initially where it is more important to have
higher accuracy [36]. Additionally, the adsorption mechanisms in effect for the
experimental data under consideration in this paper are due to multiple modes
of adsorption thus making the data more complex and likely more difficult to
predict than data obtained with one mode of adsorption (e.g. affinity adsorption
in [36]). Consequently, the fact that both solution methods provide accurate
results not only for fyreak, the time to 10% breakthrough, but also up through
40% breakthrough is strong support for the effectiveness of these methods as
simulation tools.
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Danckwerts Boundary Conditions The Danckwerts boundary conditions,
specifically a Robin type boundary condition on the inflow and a Neumann
boundary condition on the outflow, were also considered since these boundary
conditions are theoretically more realistic. However, for our chosen model and
solution methods, the results were much less accurate than those produced by
the Dirichlet inflow condition, and hence we chose not to provide a reference
figure. Using (Ar,Ax) = (0.1,0.1) as with the Dirichlet inflow condition, the
data generated by Backward Euler and Implicit Trapezoid using Danckwerts
the accuracy of the data was lower for earlier time although the shape of the
numerical curve more closely resembles the shape of the experimental data
for later r-values. Considering the metrics applied above to the results with
Dirichlet inflow condition, accuracy earlier on is more important, and hence this
inflow condition does not provide an effective simulation tool for the situation
under consideration.

Comparisen of Backward Euler (Using Dirichlet)
Simulations with Experimental Data

Comparison of Implicit Trapezoid (Using Dirichlet)
Simulations with Experimental Data
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(a) Backward Euler (Dirichlet) (b) Implicit Trapezoid (Dirichlet)

Figure 1: Comparison of Backward Euler and Implicit Trapezoid using Dirichlet
inflow boundary condition. Both methods produce accurate results up through
40% breakthrough. Accurately predicting the end behavior is a known issue
with simulating adsorption due to complex end behavior of the adsorption
phase.

The cause of the inaccuracy with the Danckwerts conditions is yet to be
determined. Initial investigations using a higher-order approximation for the
derivative term in the inflow condition showed no improvement. The decreased
accuracy may be due to the simplifying assumption of a constant velocity affects
since the velocity is taken into account in the inflow Danckwerts boundary
condition. Further research is necessary to understand why these alternate
boundary conditions resulted in less accurate results.

4.2.2  Fully Explicit Methods

In this section, we compare the numerical solutions obtained from Forward
Euler and Improved Euler with the experimental data described above. As
we can see from Figure 2, both the Forward Euler and the Improved Euler
solutions accurately predict the experimental data up through 40% breakthrough
similar to the semi-implicit methods, and therefore they both provide effective
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simulation tools.

For both simulation results shown in Figure 2, Ax is set to 0.1 and At is set
to =5 (Ax)?. We found that making Ax any bigger (0.125) or smaller (0.0625)
resulted in a lower level of accuracy. Changes in the coefficient of our Ar value
from 1 to 1/200 seemed to have no noticeable effect; values outside of this range
were not investigated. It is not surprising that changes in the Forward Euler
code affecting accuracy had the same effect in the Improved Euler code as the
Forward Euler method is used to calculate the Improved Euler results. We
used this relationship to inform what discretization values were considered for
producing the simulation results with Improved Euler.

Danckwerts Boundary Conditions Implementing the Danckwerts inflow
boundary condition for Forward FEuler and Improved Euler exacerbated the
instability inherent in these explicit methods. Through numerical investigations,
we found that the Danckwerts inflow condition could be used only if the
magnitude of the derivative %—f at the particular time step was less than 17 for
Forward Euler and 2.1 for Improved Euler. Consequently, the Danckwerts inflow
condition was implemented on a conditional basis: Danckwerts was used as the
inflow condition for a particular time step if the magnitude of the derivative at
that timestep was less than the given number (17 for Forward Euler, 2.1 for
Improved Euler) and the Dirichlet inflow condition was used otherwise. With
this implementation, the Forward Euler solution produced simulated results
that were visually indistinguishable from the results using a Dirichlet inflow
condition as shown in Figure 2a.

Comparison of Ferward Euler (Using Dirichlet) Comparison of Impreved Euler (Using Dirichlet)
Simulations with Experimental Data Simulations with Experimental Data

. / « T 0 / P P S

/ - /

‘\‘

Relative Concentration (C/C.
e
@

Relative Concentration (C/C
o
o

04 / Simulated Data

Experimental Data

o 10 20 30 40 50 60 70 80 10 20 30 40 50 80 70 80
Time (minutes) Time (minutes)

(a) Forward Euler (Dirichlet) (b) Improved Euler (Dirichlet)

Figure 2: Comparison of Forward Euler and Improved Euler. With Ax = 0.1
and At = %(A)c)2 both graphs produce similar and accurate results particularly
up through 40% breakthrough.

The results from Improved Euler with the Danckwerts inflow boundary con-
ditions contain a notable difference from the graph for Improved Euler with
the Dirichlet inflow boundary condition. Using the conditional implementa-
tion of the Danckwerts inflow condition described in the previous paragraph,
the Improved Euler solution simulated losing some of the mass of the protein
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effluent so that in the end the simulated outflow never reached the magni-
tude of the inflow concentration. In this way, the simulation is not physically
accurate, so Improved Euler with a Danckwerts inflow condition cannot be
used to predict experimental results. As with the semi-implicit methods, using
a higher-order approximation for the derivative term in the inflow condition
showed no improvement for either fully explicit method.

4.3 Comparison of Numerical Schemes

4.3.1 Semi-Implicit Methods: Backward Euler vs. Im-
plicit Trapezoid

Although different size reductions for At,Ax in the error analysis for Backward
Euler and Implicit Trapezoid make it difficult to judge their effectiveness, we can
make use of the common (Af, Ax) between the two methods, namely (é, +). The
errors shown for both methods in Tables 1 and 2 are on the same order (1072)
although the Backward Euler error is marginally smaller; however, reducing At
while holding Ax constant would result in a larger reduction in the error with
Implicit Trapezoid since it is of higher order.

For both Backward Euler and Implicit Trapezoid, simulations were done using a
Neumann outflow while changing the inflow boundary condition from Dirichlet
to Danckwerts. Using the Dirichlet boundary condition, both graphs shown in
Figure 1 appear to be nearly identical. However, it is possible that with higher
dimensions, the difference between the two results would be more noticeable.
In the case of higher dimensions, the higher-order Implicit Trapezoid method
may prove more useful in allowing larger step sizes while preserving accuracy,
but further research is necessary to determine if this is the case.

We also compared computation time in regards to the simulations. The compu-
tation times were calculated with MATLAB’s tic and toc commands. With
At = Ax = 0.1 using the Dirichlet inflow boundary condition, Backward Euler
has a computation time in the range of 0.083 to 0.097 seconds, while Implicit
Trapezoid has a computation time in the range of 0.091 to 0.120 seconds. Con-
sidering the Danckwerts inflow boundary condition, Backward Euler has a
computation time in the range of 0.078 to 0.096 seconds and Implicit Trapezoid
has a computation time in the range of 0.109 to 0.131 seconds. Considering
the similarity in the simulated results for the chosen discretization parameters,
Backward Fuler was more efficient than Implicit Trapezoid in producing the
comparative data shown in this paper.

4.3.2 Explicit Methods: Forward Euler vs. Improved
Euler

In order to compare the error results for Improved Euler with the error results
for Forward Euler, we computed the errors associated with the Forward Euler
solution for the same Ar and Ax values used for the Improved Euler error results
given in Table 4; these new error calculations are given in Table 5. The L™
and L? errors for both methods are very similar. The Forward Euler error is
occasionally slightly smaller than the Improved Euler error although the largest
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difference is on the order of 1073 and this difference shrinks as At and Ax shrink.
Additionally, we would expect reducing At while holding Ax constant to result
in a larger reduction in the error with Improved Euler since it is of higher
order.

1L (V2 1 1 (1\2 1 1 (1\2 1 1 (V2 1
(A1, Ax) — (W () :7) (m(f) =§) (12000 (2) 7@) (24000 () :m)
IC=Cll=yz | 418E-01 5.30E-02 1.105-02 2.62E-03
[C—Clloe | 227E01 2.94E-02 6.10E-03 1.45E-03

Table 5: Approximation errors and convergence rates for Forward Euler to
compare to Table 5.

With a Dirichlet inflow boundary condition both codes produced accurate
simulation results as shown in Figure 2. However, a Danckwerts inflow boundary
condition could only be implemented conditionally depending on the magnitude
of the first derivative which produced results that were unrealistic with Improved
Euler and indistinguishable from the Dirichlet inflow condition with Forward
Euler. Consequently, neither of the explicit methods were capable of fully
utilizing a Danckwerts inflow boundary condition for simulations.

For our time analysis, we ran both codes with Ax = Ar = 0.1 and used our
Dirichlet and Homogeneous Neumann boundary conditions; although this choice
of At does not follow the stability requirements discussed previously, we found
that the time step restriction was not necessary in practice with the chosen
parameter values. We did not do a time analysis with Danckwerts due to the
unrealistic output discussed in Section 4.2.2. The Forward Euler run time ranged
from 0.008 to 0.032 seconds, and the Improved Euler run time ranged from
0.017 to 0.053 seconds. Hence, in general Forward Euler produced results faster
than Improved Euler. However as with Implicit Trapezoid, the higher-order
Improved Euler method may prove more useful in allowing larger step sizes
in the case of higher dimension. It remains to be seen whether the time step
restriction will negate the potential for larger time steps with Improved Euler
in higher dimensions. Thus for one dimension, Forward Euler was the more
efficient explicit simulation method.

4.3.3 Implicit vs. Explicit Methods

In comparing the implicit and explicit methods, the differences between errors
were negligible so we will focus on two topics: efficacy with different boundary
conditions and computation time.

With the implicit methods, both types of inflow boundary conditions that were
considered (Dirichlet and Danckwerts) were easy to implement and produced
reasonably accurate results in comparison to the experimental data. In compar-
ison of the simulation results with the two boundary conditions, the Dirichlet
condition was better for one dimensional simulations, but the Danckwerts con-
dition may provide more accurate results in higher dimensions. For the explicit
methods, the Danckwerts inflow condition exacerbated the instability, so a
conditional implementation was necessary. Consequently, it did not noticeably
improve the Forward Euler results, and it made the Improved Euler results less
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accurate (in fact, unrealistic). Overall, the implicit methods were much better
when considering more complex inflow boundary conditions.

For this comparison, we use the computation times described in Sections 4.3.1
and 4.3.2. Between the two implicit methods, Backward Euler had a slightly
shorter computation time as expected since there are more function evaluations
for Implicit Trapezoid. The explicit methods were much faster (as much as an
order of magnitude faster) when considering the same discretization parameters.
Between the two explicit methods, Forward Euler had faster computation
times as expected since it has fewer function evaluations. However, the faster
computation time can only be achieved if stability does not require the timestep
to be extremely small. Therefore, the explicit methods are conditionally better
in terms of computation time.

5 Conclusion

In this paper, we developed and compared four finite difference schemes, two
semi-implicit and two explicit, for solving the nonlinear reactive transport
equation. A summary of some of our findings is provided in Table 6. No
strategy was a clear winner over the others, but the implicit methods held
a slight advantage because they had no time step restriction. Between the
two implicit methods, the Backward Euler solution scheme was moderately
better in one-dimension because of the shorter computation times and simpler
derivation and computation. However, the explicit methods had extremely
short computation times when a larger timestep could be taken as was the case
with the simulation comparison to experimental data. Between the two explicit
methods, Forward Euler was better in one dimension as it ran more quickly
and was more versatile than Improved Euler. Thus, while Backward Euler is
best overall for the purpose in this paper, Forward Euler is the better of the
two Explicit Methods. In general, which strategy is best for a given situation
depends on the needs of the end user as is illustrated in Table 6.

If the user is looking for... Then use...

Less complex to implement Forward Euler

Less complex to calculate converging error Backward Euler

Fastest computation time Forward Euler* or Backward Euler

Increased accuracy with faster computation time Improved Euler* or Implicit Trapezoid
Increased accuracy with larger time steps Implicit Trapezoid

More robust with boundary conditions Backward Euler or Implicit Trapezoid

Table 6: A comparison of the benefits of each method. The asterisk (*) indicates
the benefit holds only if stability does not require a very small timestep.

Our next steps include investigating more complex kinematics, variable velocity,
higher dimensions, adaptive time-stepping schemes and other linearization tech-
niques in an effort to produce more accurate and yet efficient simulation methods.
Incorporating more complex kinematic equations such as non-instantaneous
adsorption and an isotherm that incorporates multiple modes of adsorption may
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result in more accurate predictions of the end behavior of the experimental data.
Additionally, a variable velocity may increase the accuracy of the simulation
predictions, particularly with a Danckwerts inflow condition.

With higher dimensions, the higher-order schemes may prove more useful in
allowing larger time steps while preserving accuracy. Incorporating an adaptive
time-stepping scheme with Improved Euler could also help the simulations
achieve larger time steps while still maintaining accuracy. Given our use of
semi-implicit methods in this paper, we intend to explore fully implicit methods
in the future considering both built-in MATLAB® nonlinear solvers and custom
programmed linearization techniques such as Newton iteration or a fixed point
with Anderson Acceleration. It remains to be seen whether the increased
computational cost of the more complex solution schemes will cancel out the
benefit of the increased accuracy. As Dimartino, Boi, and Sarti [36] point out,
an effective simulation tool for chromatography must have a model that is
accurate while being as simple as possible.

Initial numerical investigations indicate that the explicit methods are stable only
for small enough Ar whereas the semi-implicit methods have no requirements on
At for stability. A theoretical stability analysis is ongoing and will be included
in a subsequent paper.
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