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Abstract

We investigate a generalization of the bondage number of a graph called the k-
synchronous bondage number. The k-synchronous bondage number of a graph is
the smallest number of edges that, when removed, increases the domination number by
k. In this paper, we discuss the 2-synchronous bondage number and then generalize to
the k-synchronous bondage number. We present k-synchronous bondage numbers for
several graph classes and give bounds for general graphs. We propose this characteristic
as a metric of the connectivity of a simple graph with possible uses in the field of
network design and optimization.

1 Introduction

Graphs serve as a mathematical tool for analyzing networks where the vertices of
graphs can represent stations, transmitters, people, computers, cell phones, or cities
while the edges demonstrate the connections between these objects, such as railroads,
power lines, friendships, computer connections, signals, or roads. Representing such
networks as graphs allows us to apply the tools and properties of graph theory to real
world problems thereby providing rigorously proven solutions.

An unreliable network is one that can be easily disrupted either maliciously or
accidentally. To ensure the reliability of a network, an understanding of its purpose and
sensitivities must be taken into account throughout its construction and preservation.
Thus, we must determine the minimum requirements in order for a network to remain
operational as well as which parts of the network can break down and thus cause a
failure state.

When modeling networks with graphs, we can analyze different failure states and,
therefore, quantify network reliability. For instance, if the network is operational as
long as the graph is connected, then the graph is in a failure state once there are two
or more components. Then we can evaluate the network’s strength in comparison to
other potential network designs by counting the minimum number of edges which must
be removed in order to render the network inoperable. This measure of connectivity,
known as the edge connectivity y was first introduced by Beineke and Harary [3]
as the minimum number of edges whose removal results in a disconnected graph.
Sampathkum [10] extended this idea of connectivity to g-component edge connectivity
which is the minimum number of edges that must be removed in order to create at least
g components.

Connectivity and number of components are not the only properties that may
be considered. As an example, the component order edge connectivity also extends
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Beineke and Harary’s idea by considering the removal of edges until every component
of the graph has order less than a given positive integer k (see [4], [6], and [7]).

In this paper we will focus on edge removal and the impact on domination number
of a graph. The domination number of a graph is the cardinality of the smallest set
of vertices, V', so that every vertex not in V' is adjacent to at least one vertex in V',
The minimum number of edge removals that increases the domination number by
one was first considered in [2] and called dominating line-stability. Later, in [5], the
authors define this same concept to be the bondage number of a graph. Here we expand
upon the concept of bondage number by investigating edge removals that increase the
domination number by a specified number, k. We consider the graph, and hence the
network it represents, to be in a failure state when the domination number increases by
k. In order to achieve a failure state we are looking for an existential quantity rather
than a universal one. That is to say, we are seeking the smallest positive integer m such
that there exists an edge set of cardinality m which, when removed, creates a failure
state-as opposed to finding the smallest positive integer M such that all edge sets of
cardinality M, when removed, will create a failure state. Hence, for our purposes, if we
remove any edge set with fewer than m edges, the network will be operational.

2 Background and Definitions

For our purposes, all graphs are assumed to be undirected simple graphs; that is, graphs
with no loops and in which no two vertices share more than a single edge between them.
If G=(V,E) and S C V, then the induced subgraph on S, denoted G[S], is the subgraph
of G with vertex set S which includes all the edges in G whose vertices are in S. If
H = (V' E") we will denote the disjoint union of G and H as G&H = (VUV' EUE’).
For other graph theory notation and terminology we will use [12].

Given a graph G = (V,E), a set of vertices D C V is a dominating set if all vertices
in V are either in D or adjacent to a vertex in D. The domination number of the graph,
¥(G), is the minimum size of a dominating set in G. The study of this characteristic is
summarized efficiently in [8].

In 1990, Fink et al.[5] introduced, in its modern form, the idea of bondage number.
The bondage number of a graph, denoted b(G), is the size of the smallest subset of
edges of G, which, when removed, increases the domination number. In 2013, Xu
[13] defines a bondage set as any & C E such that y(G — &) > y(G). Furthermore a
minimum bondage set is a bondage set with the smallest possible cardinality. We also
know if & is a minimum bondage set, then y(G — &) = y(G) + 1 because the removal
of any single edge can increase the domination number by at most one, and therefore,
we can remove single edges until ¥ increases by exactly 1.

Given a set of graphs ¢, we define the minimum bondage number of 4 as b(¥) =
min{b(G) : G € ¥4}.

Given a graph G = (V,E), we define the bondage graphs of G, denoted BG(G), to
be the set of all graphs G’ = G — & for some bondage set & C E.

Similarly, given a graph G = (V, E), we define the minimum bondage graphs of G,
denoted MBG(G), to be the set of all graphs G’ = G — & for any minimum bondage
set & CE.

We will say that G’ is the result of a bondage move if G' € BG(G). So, a bondage
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move is the removal of a bondage set from G and we will say the size of the bondage
move is the size of the bondage set. Similarly, we will say that G’ is the result of
a minimum bondage move if G' € MBG(G) and we will say the size of a minimum
bondage move is the size of a minimum bondage set. A minimum bondage move is,
therefore, the removal of a minimum bondage set from G.

So, if we are completing iterative bondage moves on some graph G, then 5(MBG(G))
is the minimum bondage number over the set of graphs resulting from all possible first
bondage moves on G.

In this paper, we define k-synchronous bondage set, minimum k-synchronous
bondage set, and k-synchronous bondage number which generalize a bondage set, min-
imum bondage set, and bondage number, respectively, by increasing the domination
number by k. For k-synchronous bondage, we are removing a subset of edges simul-
taneously. Note that we can increase the domination number by making k£ minimum
bondage moves which will result in a domination number of y(G) + k, however, this
will not always correspond to a minimum k-synchronous bondage set. Throughout
this paper, we will assume that |V| > k+ ¥(G) since the domination number cannot be
larger than the order of the graph.

Definition 1 (k-synchronous bondage set). Given a graph G = (V,E) and a positive
integer k, a set & C E is a k-synchronous bondage set if y(G — &) = y(G) +k.

So a set of edges is a k-synchronous bondage set if the removal of the edges
increases the domination number by k.

Definition 2 (minimum & -synchronous bondage set). Given a graph G = (V,E), a set
& C E is a minimum k -synchronous bondage set if y(G — &) = ¥(G) + k and for all
E' CE with |[E'| <|&|, Y(G—E") < ¥(G) +k.

Therefore, a minimum k -synchronous bondage set is a subset of the edge set whose
removal increases the domination number by k and there does not exist a smaller subset
that results in the domination number increasing by k.

Definition 3 (k-synchronous bondage number). Given a graph G = (V,E) and a
positive integer k, the k-synchronous bondage number of G, denoted Sby(G), is the
size of a minimum k-synchronous bondage set.

Thus, the k-synchronous bondage number of G is the minimum number of edges
that can be removed so that the domination number increases by k.

Connecting the previous definitions with bondage number, we see that the study
of Sh; would be the same as the study of the bondage number, as indicated in the
following proposition.

Proposition 4. For any graph G, b(G) = Sb;(G).

However, the k-synchronous bondage number differs from previous studies on b(G)
whenever k > 1. Our approach is novel in that we can specify any desired increase by
setting the value of k. The combined size of two successive minimum bondage moves
serves only as an upper bound for Sby, so it is essential to discuss several concepts
regarding the bondage number for k > 2.

Note that for any graph G and edge ¢, ¥(G) < ¥(G —e¢) < ¥(G) + 1. This immedi-
ately implies the following proposition.



Generalized Bondage Number: The k-synchronous bondage number of a graph 35

Proposition 5. For any graph G and any positive integer k,
Sbk(G) > Sby_1 (G) +1>k.

In this paper, we consider 2-synchronous bondage in section 3 where we analyze
the relationship between 2-synchronous bondage and consecutive bondage moves. We
also provide some bounds specific to 2-synchronous bondage for general graphs. In
section 4, we proceed to demonstrate several properties of k-synchronous bondage
numbers and provide proofs for the k-synchronous bondage of paths, cycles, trees and
complete graphs. We conclude by presenting additional areas of potential research into
the value of k-synchronous bondage numbers.

3 Properties of Sb,

The value of studying Sby, is two-fold. First, suppose we obtain Sby(G) for some graph
G = (V,E) by iterative minimum bondage moves. This method will require us to ana-
lyze graphs outside of the families typically considered when studying b(G). Beyond
this, however, we find that for some graphs, G, Sb;(G) is less than the summation
of the size of k iterative minimum bondage moves. For example, consider graph H
in Figure 1 which consists of a complete graph on a set A = {a,b,c,d}, a complete
graph on a set B = {e, f,g,h} with the edge eh removed, a complete graph on a set
C = {i, j,k,1} with the edges ik and jI removed, along with the edges E’ = {de, hi},
and f is a vertex of a complete graph on the set F = {f, f2, f3,..., fo} withn > 5, and
g is a vertex of a complete graph on G ={g,2,83,...,8m} With m > 5. The induced
subgraphs on F and G are complete subgraphs denoted by the dashed circles in Figure
1.

Notice y(H) = 5 and a minimum dominating set is D = {d, f,g,i,k}. Now,
Sby(H) < 4 by removing the 4 edges in H[C]; this removal results in vertices j,k,
and / being included in every minimum dominating set as they are isolated vertices
and the remaining connected component of H has a domination number of 4 and a
minimum dominating set of D' = {d, f, g,i}.

It is straightforward to check that the removal of a single edge in H will not
change the domination number, i.e. b(H) > 2. Therefore, by Proposition 5 we know
Sby(H) > 3.

If Sby(H) =3 and b(H) > 2 then there must be an edge set, E’, of cardinality two
and an edge € so that y(H) = y(H —E') —1 and y(H) = y(H — E' — {€}) — 2.

It is easy to verify that the only way to increase the domination number with the
removal of two edges is to remove two vertex-disjoint edges in H[A]. We give a brief
justification below.

Consider H[A], H[C], and H[BUF UG U {d,i}] which are three edge-disjoint
subgraphs. The removal of any two edges in H|[C] will not increase the domination
number. Also, we can see that the removal of any edge in H[C] along with any other
edge in H which is not in H[C] will be dominated by {x, f’,g’,i,k} for some x € A,
f' € F,and g € G. The removal of any two edge in H[F UG] will be dominated by
{d,f',g,i,k} for some vertex [’ € F and g’ € G because n,m > 5. The removal of
any edge in H[F|] and any other edge in H which is not in H[G] will be dominated by
{x,f",&,i,k} for some vertex x € A and f’ € F. Similarly, the removal of any edge in
H|[G] and any other edge in H which is not in H[F| will be dominated by {x, f,g’,i,k}
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for some vertex x € A and ¢’ € G. The removal of any two edges in H[BU{d,i}] will
be dominated by D = {d, f,g,i,k} because e and h are adjacent to three vertices in
D. And finally, the removal of an edge in H[BU{d,i}] and an edge in H[A] will be
dominated by {x, f,g,i,k} for some vertex x € A.

Therefore, the only way to increase the domination number of H with the removal
of two edges is to remove two edges in H[A]. For this to happen, the two edges in H|[A]
must be vertex disjoint. Without loss of generality, we will assume we will remove
E' ={ac,bd}.

Recall that the domination number can not increase by more than 1 with one edge
removal by Proposition 5. Therefore, if Sb,(H) = 3 there must be an edge € in H so that
Y(H) = y(H — {ac,bd,e}) — 2. However, a similar argument as posed for H can verify
that b(H — {ac,bd}) = 3. Therefore Sby(H) > 3 and we can conclude Sb,(H) = 4.

A single edge removal does not change the domination number of H and removing
edges E' = {ac,bd} increases the domination number by 1. Therefore we know
b(H) = 2. However, b(H — {ac,bd}) = 3 which can be accomplished by the removal
of E" = {ad,ab,bc}. Thus, two successive minimum bondage moves requires the
removal of 5 edges whereas Sby(H) = 4.

Figure 1: Graph H with n,m > 4.

Alternatively, we can show that there are circumstances under which the sum of the
sizes of two successive minimum bondage moves is equal to Sb,.

Theorem 6. Let G be a graph. If b(MBG(G)) < 2 then Shy(G) = b(G) + b(MBG(G)).

Proof. Since the size of two successive minimum bondage moves serves as an upper
bound for Sb,(G), we will assume for the sake of contradiction that there exists a
graph G’ € MBG(G) so that b(G') = b(MBG(G)) < 2 and Sh»(G) < b(G) +b(G).
Since Sby(G) # b(G) + b(G'), there exists a graph G’ € BG(G) — MBG(G) where
G" is the result of a bondage move on G of size y so that Shy(G) = y+b(G"). Since
G" ¢ MBG(G) we know that y > b(G) + 1. Therefore, Sb2(G) > b(G) + 1+ b(G"),
which leads to

b(G) +1+b(G") < Shy(G) < b(G) +b(G),
which implies

14+b(G") < b(G).

This yields a contradiction since b(G”) > 1, but we assumed that b(G') <2. [0
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Theorem 6 together with the bondage number of a path graph from [5] as provided
below, assists in determining 2-synchronous bondage of path graphs.

Theorem 7. The bondage number of a path of order n > 2 is given by

b(By) = {2, ifn=1(mod3)

1, otherwise.

A pendant edge is an edge that is incident to a vertex of degree 1. Next, we must
show that a pendant edge in P, is always in a minimum bondage set.

Lemma 8. For any path graph P, of order n > 2 with pendant edge e, there exists a
minimum bondage set which contains e.

Proof. Given any path graph, B, of order m > 1, y(P,) = [5 ] (see [5] for example).
Let e; be a pendant edge in P,. We proceed by cases in using Theorem 7 to determine
b(Py,).

Case 1. n = 0(mod 3): Removing e results in Py @ P,_;. The domination number
of the resulting disjoint graph is Y(P{ @ P,—1) = Y(P\) + Y(Pp1) = 1+ [%51] = 1+
=l — 14+ 2 = 1+ y(R,). Since b(P,) =1 and y(P, — {e1}) = L+ y(P,), the set
{e1} is a minimum bondage set.

Case 2. n=2(mod 3): Removing e results in P; & P,_; whose domination number
is Y(PL ® Po1) = V(P +¥(Pa1) = T4 [250] = 14+ 252 = 1+ 2L = 1+ y(Ry).
Since b(P,) = 1 and y(P, — {e1}) = 1 + y(P,), the set {e; } is a minimum bondage set.

Case 3. n = 1(mod 3): For this case we know n > 4 and, therefore, P, will have
two pendant edges, denoted e and e;. Removing e and e; results in Py &Py G P,_».
The resulting domination number of this disjoint graph is y(P; & Py ® P,—2) = 2y(P;) +
Y(Pio2) =2+ ["52] = 1+ 2 = 1 + y(P,). Since b(P,) =2 and y(P, — {e1,e2}) =
14 y(P,), the set {e],e>} is a minimum bondage set. O

We now prove 2-synchronous bondage for all P,.

Theorem 9. For a path graph, P,

2, n=0(mod 3)

3, otherwise.

Sb, (Pn) = {

Proof. We know from Lemma 8 that each pendant edge in P, is contained in a minimum
bondage set.

Case 1. n=0(mod 3). Consider removing the two pendant edges. Let P, =
Pi&P ® P, S0 y(P)) =2+ ["52] =244 =2+ ¥(P,), and therefore Sb,(P,) < 2.
By Proposition 5 we see Sby(P,) = 2.

Case 2. n = 1(mod 3). We will assume that n > 1 because if n = 1 we can not
increase the domination number by 2. Note that b(P,) = 2 by Theorem 7. Therefore,
Sby(P,) > 3 by Proposition 5. Consider removing three edges, E = {e},e2,e3}, so
that P, —E = P, &P, © Py & P,_3. Note that y(P, —E) =3+ y(P,—3) =3+ %3] =
2+ [5] =2+ y(P,) which implies Shy(F,) < 3. Therefore, we can conclude that
Sby(P,) =3.

Case 3. n=2(mod 3). We will assume that n > 2 because if n = 2 we can not
increase the domination number by 2. Assume by contradiction that Sh,(P,) = 2.



38 BSU Undergraduate Mathematics Exchange Vol. 19, No. 1 (Fall 2025)

By Proposition 5, there must be an edge e so that, when removed, we increase the
domination number by 1. The removal of an edge from P, will result in P, & P, where
a-+b=n. Since n = 2(mod 3) then there are two possible options for the pair a,b;
a,b = 1(mod 3) or, without loss of generality, « = 0(mod 3) and b = 2(mod 3). If
a =0(mod 3) and b = 2(mod 3) we know Y(P, ®P,) = Y(Py) +Y(P) = § + (%W =
5+ b’;—l = % = [5]. Therefore y(P, ® P,) = Y(P,) which tells us that the removal
of the edge did not change the domination number. So MBG(PB,) C{P, ® P, : a,b=
1(mod 3)}. By Theorem 7 we can conclude b(MBG(P,)) = 2 since a,b = 1(mod 3).
Since we know from Theorem 7 that b(P,) = 1, Theorem 6 implies Sho(P,) =3. O

To conclude this section, we find bounds for general graphs based on specific
characteristics including the degree of a vertex and induced subgraph structure. In [2]
and [5], the authors show that the bondage number of a graph is bounded above by
the minimum of one less than the sum of the degrees of two adjacent vertices. We
can generalize their results to find an upper bound for Sb,(G) based on the degree of
several vertices.

Theorem 10. Let G(V,E) be a graph. Then

Sby(G) < min{deg(u) +deg(v) +deg(w) — o (u,v,w)},

where the minimum is over all sets {u,v,w} C 'V where v is adjacent to both u and w,
and o (u,v,w) is the number of edges in the induced subgraph on {u,v,w}.

Proof. Let {u,v,w} CV be such that v is adjacent to both u and w. Let ¢ denote the
size of the induced subgraph on u,v,w, and let A = deg(u) +deg(v) +deg(w) — o. If
E' is the set of edges incident to u, v, or w, then |[E'| = A.

Assume, for the sake of contradiction, that Sb,(G) > A. Therefore, if G’ = G — E’,
then u, v, and w are isolated in G’ and y(G') = y(G) or y(G') = y(G)+ 1. If Dis a
minimum dominating set of G — {u,v,w}, then DU {u,v,w} is a minimum dominating
set for G’ and DU {v} dominates G. Therefore y(G') = |D|+3 and y(G) < |D|+1
which contradicts that y(G') = y(G) or y(G') = y(G) + 1. O

Theorem 11. Let G(V,E) be a graph. Then

Sby(G) < min{deg(u) +deg(v) +deg(s) + deg(r) — 2},

where the minimum is over all subsets {u,v,s,t} C'V where uv,st € E and the size of
the induced subgraph on {u,v,s,t} is two.

Proof. Let {u,v,s,t} CV where uv,st € E and the size of the induced subgraph on
{u,v,s,t} is two. Let A = deg(u) +deg(v) + deg(s) + deg(¢) — 2. If E’ is the set of
edges incident to u,v,s, or ,z, then |E'| = A.

Assume, for the sake of contradiction, that Sb,(G) > A. Therefore, if G’ = G — E’,
then u,v,w, and ¢ are isolated in G’ and y(G') = y(G) or ¥(G') = y(G)+ 1. If D
is a minimum dominating set of G — {u,v,s,t}, then DU {u,v,s,7} is a minimum
dominating set for G’ and DU {u,s} dominates G. Therefore y(G') = |D| +4 and
7(G) < |D|+ 2 which contradicts that y(G') = y(G) or y(G') = y(G) + 1. O
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4 Properties of SH;, and Application of Sb; to Graph
Families

If a graph has multiple components, the k-synchronous bondage number can be found
by taking the minimum of the sum of the /;-synchronous bondage number for a subset
of i components where Y /; = k. We note the example where k = 2 in the following
proposition. This can be easily generalized to larger values of k.

Proposition 12. If a graph G consists of n components Cy,Cy,...,C, where 1 <
b(Cy) <b(Cy) <...<b(Cy), then

Sby(G) = min{Sby(Cy),Sb2(C2),...,Sb2(Cy),b(C1) +b(Ca) }.

We can also easily find the k-synchronous bondage number of a graph if there are
sufficiently many pendant edges. To do so, Lemma 13 gives a sufficient condition for a
vertex to be in a minimum dominating set.

Lemma 13. Let G = (V,E) be a graph with vertices r,a,b € V so that ra,rb € E and
deg(a) =deg(b) =1 (i.e. ra and rb are pendant edges). Then any minimum dominating
set must contain r.

Proof. Let A CV be any minimum dominating set of G, and assume for the sake of
contradiction that r ¢ A. Then, it must be true that a,b € A since these are adjacent
to no other vertices. But observe that the set A" = (A \ {a,b}) U {r} must also be a
dominating set and |A’| < |A|, contradicting the minimality of A. Thus, r € A. O

If we have a graph that contains a vertex that is incident to more than one pendant
edge, we can find its bondage number of such a graph as shown in the following
theorem.

Theorem 14. Let G = (V,E) be a graph with vertices r,a,b € V such that ra,rb € E
and deg(a) = deg(b) = 1 (that is, ra and rb are pendant edges). Then, Sb1(G) = 1.

Proof. Note by Proposition 5, Sh|(G) > 1. Next, define G' = G —ra, and let A CV
be a minimum dominating set of G. By Lemma 13 above, we know that r € A. The
setA' =AU {a} is a dominating set in G’, which we claim is a minimum dominating
set. To prove this, suppose for the sake of contradiction that there exists some BCv
so that |B'| < |A'| = |A| + 1 which dominates G'. Clearly,  must be in B, so if we
define B= B — {a}, this is a dominating set of G with |B| < |A|, which was a minimal
dominating set of G. This is a contradiction, so we must have that A’ is a minimal
dominating set of G, so that the bondage number of G must be one. O

Applying Theorem 14 repeatedly to a graph G which contains sufficiently many
pendants, along with Proposition 5 gives the immediate result.

Corollary 15. Let R C 'V be such that for all r € R, r is incident to at least two

pendant edges in E. IfA={a €V :d(a) =1 and a is adjacent to a vertex in R}, then
Sbiaj-r|(G) = |A[ — |R].

Now we move on to prove the k-synchronous bondage for several well-known
graph families: paths, cycles, trees, and complete graphs.
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Theorem 16. For a path graph, P,,

%], n=0(mod 3)
Sbr(P,) = L;J n=1(mod 3)
(%17, n=2(mod 3).

€]
Proof. Note that if we remove a set & C E from P, then P, — & = @Pai, where

i=1
|&]+1

Z a; = n. This then gives us
i=1

V(P =&)<

U-)\N

n
24506141 (1)
because

. a; a;+2 a;+1
= L3t LT3t L o5

a;=0(mod 3) a;=1(mod 3) a;=2(mod 3)

w 4 2 1
B l:Zl §I +a~51(§od 3) 3 +a 2§0d 3) g
n 2 2
< g“r | Z =+ Z 3

=1(mod 3) 3 a;=2(mod 3)

We will proceed by cases.

Case 1: n =0(mod 3). First, we will show there exists a set of Pk 1J edges, E’,
so that y(P, — E') = y(P,) + k. Let E' consists of the leftmost |#-L| edges of P,.

For simplicity, lety = |3 |. Thus, B, —E' = P,_, & (@ P1>. So the domination
i=1
number of P, — E’ is

Y(P,—E') = V;q Yy {n—;Zy-‘.

Consider that when k is odd, y = -1, This implies [ngzy—‘ =

1y
And when k is even, y = %1 1 — T‘. This implies | 42| = [4+

These equalities imply that y(P, —E') = § +k = y(B,) +k
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Now we move to show L3k L] is the minimum number of edges which increase
¥(P,) by k. Assume for the sake of contradiction that Sbx(P,) < | ¥ |. This implies
that there is a set & C E such that |&'| < L%%J and y(P, — &) > [4]| +k=4%+k By
equation (1) we see

n 2
P—-&) <+ =(&+1
VB~ 6) < 54 2(61+1)
n 2/(|3k—-1
P B
=373 2
n 2(3k—-1
<4
3°3 < 2 >
n 1
=2 k.
3773
But this contradicts that y(B, — &) > 5 + k. Therefore, we have proven that Sby (P,) =

| #L ] for n = 0(mod 3).
Case 2: n= 1(mod 3). Similar to the previous case, let E’ consists of the leftmost
| | edges of P, and let y = || Thus, B, —E' = P,y & (@ﬂ). So the

i=1
domination number of P, — E' is

e[ 152

When kis odd, y = %51, This implies [ "4 | = [4+k+ 1] = 242+ k. When k

is even, y = 3. This implies [”32}'—‘ = [%+k| = % + k. These equalities imply that

V(P _E/) = % +k=y(P)+k
Now we will show L%T*]J is the minimum number of edges which increase y(P,)
by k. Assume for the sake of contradiction that Sby(P,) < |5 |. This implies that
there is a set & C E such that |&| < |3 | and y(P, — &) > (2] +k="2+k By
equation (1) we see

V(P — &) < (I€]+1)

(FZ“J)

1
L

But this contradicts that y(P, — &) > %% + k. Therefore, we have proven that Sb(F,) =
|35 | for n = 1(mod 3).
Case 3: n=2(mod 3). As before, let E’ consists of the leftmost (M] edges of

IA

WIS Wis w\a
+

[ w\ww\t\z

IN

+

P, andlety = [3%-1] . Thus, B, —E' =P, & (@H). So the domination number
=1

of P, —E'is
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Y(P,—E') = Pﬂ Yy V:zy]

When kis odd, y = %=1 This implies | 52| = [4 +k— ] = %51 + k. When k

is even, y = 3. This implies [@—‘ = [2+k| = =L +k. These equalities imply that

Y(P—E') =" +k=y(P,) +k

Now we will show [-17 is the minimum number of edges which increase y(P,)

by k. Assume for the sake of contradiction that Sb(P,) < [#-1]. This implies that

there is a set & C E such that |&| < [271] and y(P, — &) > [4] + k= "t' + k. By
equation (1) we see

Y(Pn - (g)) <

+=(|€|+1)

(1)
(5)

But this contradicts that y(P, — &) > “£! + k. Therefore, we have proven that Sb(F,) =
[3]‘7"1 for n = 2(mod 3). O

INA
+
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TN WD W
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It can be easily verified that for a cycle of order n > 3, y(C,) = [5] (see [5] for
example). Since removing any single edge from C, results in P, and y(C,) = y(P,) the
removal of any single edge of a cycle does not change the cycle’s domination number.
Therefore we have the following theorem.

Theorem 17. For a cycle graph, C,,
[ #1]+1, n=0(mod 3)
Sbe(Ca) =< |25 +1, n=1(mod3)
(#1141, n=2(mod3).

For the bondage number of trees, [5] established the following upper bound.
Theorem 18. If T is a nontrivial tree, then b(T) < 2.

We can extend Theorem 18 to provide a range of values for Sby, and these values
are sharp.

Corollary 19. Given a tree, T, with at least k edges, then k < Sby(T) < 2k and the
bounds are sharp.

Proof. The bounds follow immediately from Proposition 5 and repeated iterations
of Theorem 18. The lower bound is sharp if we consider a star graph with k edges,
whose domination number is 1. To increase the domination number by k we must
remove all k edges. To show that the upper bound is also sharp, we will define a special
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spider graph, Sy, as a rooted tree with 2k + 2 vertices so that the root vertex will have
k children of degree 2 and one child of degree 1. Notice Figure 2 is S5. Notice that
[V(SP)| = 2k+2, |E(S})| = 2k+ 1, and (S}) = k+ 1. If we want to find Sby(S}) we
must produce a graph that has a domination number of 2k + 1. For a graph of order
n to have a domination number of n — 1, the graph must have only 1 edge. Therefore
Sbi(Sp) =2k+1—1=2k. O

[ @ ® L
Figure 2: Sbhy(T) = 4.

The result for Sb(K,) for complete graphs stems from the following theorem from
[11] which gives an upper bound for the number of edges in a graph with a specific
domination number.

Theorem 20. If G is a graph of order n and 2 < y(G) < n, then the number of

('1—7(0))(”—7(G)+2)J
2

edges of G is at most { . Equality occurs if and only if G is the

disjoint union of y(G) — 2 isolated vertices and a graph obtained by removing from an
(n—Y(G) +2)-clique the edges belonging to a minimum covering.

Using Theorem 20, we present the following corollary.

Corollary 21. For any complete graph, K,

She(Ky) = @ N {(nkl)z(nkJrl)J'

Proof. From [11], we know that for any simple graph of order n and domination
number d, the maximum number of edges that the graph can have is

{(n—d)(r;—dﬁ-z)J'

Clearly this graph must be a subgraph of K,,. Note also that K, has (g) edges and
v(K,) = 1, and so we can remove

(Z)_{(n—k—l)z(n—k—i-l)J

edges to leave only the subgraph mentioned in Theorem 20 with domination number
k41 for any positive integer k. The quantity above must be the minimum number of
edges we must remove to increase the domination number of K, by k, because if there
were any smaller edge set E whose removal would increase the domination number by
k, then the resulting graph K,, — E would contradict Theorem 20. Thus,

Shu(E) = (Z) B {(n—k—l)z(n—k—i-l)J.
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5 Conclusion

The study of dominations numbers has many applications including network design
(see for example [1] and [9]). The study of bondage numbers and Sb; are particu-
larly important to understand the vulnerability of these networks. In this paper, we
have considered applying the idea of Sb; to sparse graphs such as paths, cycles, and
trees and the extremely dense complete graph. Investigating Sby for additional graph
families such as grid graphs or r-regular graphs would help us further understand the
vulnerability of particular network structures. The interaction between Sby and graph
operators, including disjoint unions, is another area to consider.

Furthermore, in order to create sharp bounds without regard to graph families, we
must delve into the G(n,m) problem; that is, given any graph on n vertices with m
edges, what is the maximum number of edges that we might have to remove in order
to cause a failure state? In this way, we avoid being restricted by whether a particular
graph belongs to a graph family for which Sb; has been previously determined. If we
could state for certain that the removal of e edges would guarantee a failure state, we
could turn our focus to efficiently determining which e edges need to be removed.

Our presentation of specific Sby properties and Shy, in general aims to extend the idea
of a bondage number and thereby provide a new criteria for a failure state in a network.
Since, in Section 3, we demonstrated that it is possible for a 2-synchronous bondage
move to be more effective than the successive one-step counterparts, further study of
Sby is worthwhile. To better evaluate the benefits of studying Sb,, we would need to
establish how much more efficient a 2-synchronous bondage move can be. Similarly,
we would like to determine the increase in efficiency achieved by k-synchronous
bondage moves when compared to successive n-synchronous bondage moves where
n < k and n is a factor of k.
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