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A Word from the Editor

The editorial board of the Mathematics Exchange is pleased to present
this latest issue, featuring six insightful articles that explore a diverse array of
mathematical topics tailored to engage and inspire our undergraduate audience.
As always, we are inspired by the enthusiasm and dedication of our authors and
appreciate their commitment to sharing their discoveries with our readers. We
hope that this collection will spark curiosity, provoke thought, and encourage
readers to pursue their own explorations in mathematics.

The first article considers solution methods for the nonlinear reactive
transport equation used to model protein adsorption, an important process for
developing adsorptive chromatography media in biotherapeutics. The authors
explore various finite difference schemes and compare implicit and explicit meth-
ods, with results indicating optimal convergence and effectiveness in matching
experimental data.

The second article addresses the Concept Reinforcement Problem, a graph
optimization problem where the goal is to build a graph vertex by vertex with
minimal cost. The authors investigate this problem for a range of graph types,
including trees, cycles, and grid graphs, providing valuable insights into the
cost function behavior across these different structures.

The third article extends two-dimensional rook theory to three and higher
dimensions, exploring generalized triangular boards and rook numbers. The
paper provides a combinatorial interpretation of generalized Genocchi numbers
and proves new triangle generations for these numbers in higher dimensions,
further advancing the theory of rook numbers.

In the fourth article, the authors study the variance of the distance to the
boundary for planar triangles. Their main result demonstrates that the variance
restricted to a line segment joining a vertex to the opposite side is a convex
function, providing new insights into geometric properties of triangles.

The fifth article presents a generalization of a continued fraction problem
that appeared in The College Mathematics Journal and the PME Journal. The
authors introduce a new continued fraction with a Fibonacci structure and
explore how the middle term noise impacts the continued fractions with repeated
terms, offering a deeper understanding of this fascinating sequence.

The sixth article explores action graphs, which are closely related to Catalan
numbers and their generalizations. The authors examine several sequences,
including the (a, b)-Catalan numbers and super Catalan numbers, and present



a conjecture for constructing action graphs for the super Catalan numbers,
expanding the theoretical framework of this area of combinatorics.

We are excited to share these contributions and hope they inspire further
study and exploration. We trust you will enjoy this issue of Mathematics
Exchange and look forward to your feedback and suggestions on how we can
continue to improve our service to the readership.

Ya¹�ua®� ��iao

09.25.2024
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Appropriate papers from other departments and other institutions are also welcome.
Often the articles are written by undergraduates individually, working in teams, or
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of both reviewers and authors are concealed from each other throughout the review.
To facilitate this, please remove any identifying information, such as authors names
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Abstract
In this paper, we consider solution methods for the nonlinear reactive transport
equation used to model the protein adsorption process. Efficient methods
for simulating this process are necessary to aid in the development of novel
adsorptive chromatography media to ensure high-volume production of purified
product for the purposes of biotherapeutics. Using MATLAB®, we compare
four finite difference schemes used to solve the nonlinear reactive transport
equation, focusing on the differences of efficacy between implicit and explicit
methods. As such, two of the methods are semi-implicit and two are explicit
with one of each kind using a first-order temporal scheme and one of each using
a second-order temporal scheme. The semi-implicit methods evaluate almost
all terms implicitly while lagging the nonlinear coefficient function in time to
linearize the equations. We include numerical results that indicate optimal
convergence of the schemes, and we compare the effectiveness of the schemes in
matching experimental data using two different boundary conditions.

1 Introduction
Recent decades have seen a large increase in demand for next-generation bio-
logics, that is, therapies derived from biological sources [1, 2, 3]. In particular,
the use of protein therapeutics such as monoclonal antibodies for treatment
of COVID-19 and other viruses has led to a need for fast production of such
biotherapeutics. Meeting these needs requires the development of novel ad-
sorptive chromatography media to ensure high-volume throughput of purified
product.

Resin-bead chromatography, which is used for many bioseparation neads because
of its reliability, is relatively slow with low efficiency and, as a result, is consid-
ered a “must be addressed" factor to meet the rising demand [4]. Membrane
chromatography, which uses a porous, adsorptive membrane instead of small
resin beads, is being studied as an alternative to resin bead chromatography
(see for example [5, 6, 7, 8, 9, 10, 11] and references therein). Membranes enable
higher productivity because they maintain high protein binding capacities at
higher flow rates [9]. Efficient methods for simulating the chromatography
process using membranes could aid in the development of these media to reduce
cost and production time.

Separation processes using adsorptive membranes can be modeled using the
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reactive transport equation [12]

ω
∂C
∂ t

+ρs (1−ω)
∂q
∂ t

+∇ · (uC)−∇ · (D∇C) = f , x ∈ Ω, t > 0 (1)

where ω is the porosity of the media or solid phase, ρs is the density of the solid
phase, C is the liquid phase concentration, q is the solid phase concentration (or
adsorbent), u is the Darcy velocity, and D is the hydrodynamic dispersion tensor.
The function f represents sources and/or sinks within the domain Ω.

Some novel chromatography membranes being studied use multiple modes of
interaction with the product to recover it selectively from impurities in the
solution, leading to mathematically complex, nonlinear models to describe
the adsorption relationship between C and q [10, 11, 13, 14, 15]. Since the
nonlinearity is connected to a time-derivative term, handling this term is non-
trivial particularly considering the fact that stability issues commonly arise
with explicit numerical solutions of the transport equation.

Due to the nonlinearity arising from the adsorption model, fully explicit methods
are easier to implement and are faster to solve in each time iteration. However,
fully explicit methods introduce a time step restriction that is not always
practical when simulating experimental data. In that case, implicit methods
may be faster in the long run since larger time steps are allowed with implicit
methods. Still, implicit methods are more complex to implement and care
needs to be taken when solving the nonlinearity arising from the adsorption
model which is associated with a time-derivative term. While this paper focuses
on solution methods with an explicitly-defined adsorption isotherm, having a
thorough understanding of methods applied to explicitly-defined adsorption
models will provide a basis for future work considering an implicitly-defined
isotherm as in [13] which more accurately models multi-modal adsorption.

In general, solution algorithms for these types of transport problems coupled with
adsorption models have been well documented. In many cases, finite elements
are used to spatially discretize the equation [16, 17, 18, 19, 20, 33, 22, 23, 24, 25].
Because of the potential nonlinearity arising from the adsorption model, the use
of finite elements leads to a complex standard form causing higher-order temporal
integration methods to be hard to implement. Using finite differences [19, 26, 27]
for the spatial discretization greatly simplifies the standard form, and hence
higher-order temporal schemes are easier to use with finite differences.

Although finite differences have been used to solve similar transport problems
with adsorption, the research team involving the authors has focused on finite
element methods in the past [23, 24, 25]. Recent work by our group [25] has
compared different higher order temporal discretization schemes using finite
elements applied to these types of problems in the case of membrane adsorption
and nonlinear adsorption models. Hence the work presented in this paper
is meant as a comparison of the same higher order temporal discretization
algorithms using finite difference methods applied to the same problem. This
paper focuses on using finite differences to solve the one-dimensional reactive
transport equation (1) and compares implicit and explicit finite difference
schemes using both a first- and second-order temporal integration scheme for



Comparing Finite Difference Methods to Nonlinear Transport 5

each case of finite difference scheme. MATLAB® is used to implement the
finite difference schemes. In this paper, we use an explicit function to describe
the relationship between the solid phase concentration q and the liquid phase
concentration C, i.e., q = q(C), as is the case for the Langmuir and Freundlich
isotherms. These explicit models represent separation processes defined by
a single interaction mode, e.g., ion exchange or hydrophobic interaction [28].
We hope to extend the solution methods studied in this paper to account for
multiple modes of adsorption by using an implicitly defined isotherm as in
[13].

2 Model Equations
In this paper, we restrict our attention to the one-dimensional problem so that
the domain Ω is a bounded domain in R1, ie. Ω = [a,b] with |a| < ∞, |b| < ∞.
The inflow boundary of Ω corresponds to x = a and the outflow boundary
corresponds to x = b.

The transport and adsorption of product at a concentration C in a porous
medium can be modeled in one dimension using the reactive transport (advection-
diffusion-reaction) equation [12, 33, 26]

ω
∂C
∂ t

+ρs (1−ω)
∂q
∂ t

+u
∂C
∂x

−D
∂ 2C
∂x2 = f , x ∈ [a,b], t ≥ 0, (2)

q = g(q,C), x ∈ [a,b], t ≥ 0, (3)
with the initial and boundary conditions

C (x,0) =C0, x ∈ [a,b], (4)
q(x,0) = q0, x ∈ [a,b], (5)
C(a, t) =Cin, t ≥ 0, (6)
∂C
∂x

∣∣∣∣
x=b

= 0, t ≥ 0. (7)

Here C is the liquid phase concentration, q is the solid phase concentration
(or the adsorbed concentration), ω and ρs are the porosity and density of the
membrane respectively, u is the (Darcy) velocity through the membrane, D is the
hydrodynamic dispersion tensor, and f = f (x, t) is a forcing function normally
taken to be 0 in the case of protein chromatography. We note that (6) uses
a Dirichlet boundary condition on the inflow since the inflow concentration is
known, and (7) uses a homogeneous Neumann condition to model continuity of
concentration at the outflow. An alternate inflow condition using a Robin-type
condition, specifically

uC−D
∂C
∂x

= uCin, x = a, t > 0, (8)

can be used to model continuity of flux at the inflow. The two conditions (7)
and (8) are the so-called Danckwerts boundary conditions [27, 29]. These are
considered in the simulations as a point of comparison.

Equation (2) describes the flow of the carrying fluid through the membrane,
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where we assume instantaneous adsorption of the desired product from solution.
The system is closed by the isotherm relationship, equation (3), which gives
the isotherm relationship which describes the ability of the membrane to bind
the protein. This relationship can be explicit linear or nonlinear functions of
concentration [12], or it can be defined as a nonlinear, implicitly function of q
and C [13, 30].

The solution methods in this paper are applied to the modified system in which
the chain rule is used to rewrite the reactive transport equation (2). Rearranging
(3) and differentiating in time, we have

∂q
∂ t

− ∂g(q,C)

∂ t
= 0 (9)

⇒ ∂q
∂ t

− ∂g
∂q

∂q
∂ t

− ∂g
∂C

∂C
∂ t

= 0 (10)

⇒ ∂q
∂ t

=
∂g/∂C

1−∂g/∂q
∂C
∂ t

= g̃(q,C)
∂C
∂ t

(11)

where
g̃(q,C) =

∂g/∂C
1−∂g/∂q

. (12)

Substituting (11) in (2) leads to the modified modeling equations:

(ω +(1−ω)ρsg̃(q,C))
∂C
∂ t

+u ·∇C−∇ · (D∇C) = f , (13)

q = g(q,C). (14)
Note that in the case of an explicit isotherm equation, g̃ simplifies to g̃(C) =
∂g/∂C = q′(C), and hence the system reduces to one equation with one un-
known:

(ω +(1−ω)ρsg̃(C))
∂C
∂ t

+u ·∇C−∇ · (D∇C) = f . (15)

3 Numerical Solution Schemes
For the numerical solution schemes, we assume an explicit isotherm model
and apply finite difference methods to spatially discretize the one-dimensional
reactive transport equation given in (15). We consider both explicit and semi-
implicit temporal solution methods.

The semi-implicit methods evaluate almost all terms implicitly while lagging the
nonlinear coefficient function g̃(C) in time to linearize the equations as detailed
in Section 3.1.1. For both the semi-implicit case and the explicit case, we apply
a first-order and a second-order discretization method. Respectively for semi-
implicit methods, we use lagged Backward Euler and lagged Implicit Trapezoid
methods; and for explicit methods, we use Forward Euler and Improved Euler
(Explicit Trapezoid).

The fully discrete problem partitions the time interval [t0,T ] and spatial domain
[x0,xS] as

0 = t0 < t1 < · · ·< tN = T and a = x0 < x1 < · · ·< xS = b
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respectively where ∆t = tn+1 − tn with tn = n∆t and ∆x = xi+1 − xi with xi = i∆x.
Defining f n

i := f (tn,xi) we have Cn =C (tn,x) and qn = q(tn,x) for the continuous
solutions and Cn

i =C (tn,xi) and qn
i = q(tn,xi) for the discrete solutions. We will

denote the discrete solutions in their entirety by Ĉ and q̂.

3.1 Semi-Implicit Methods

In this section, we derive the systems of equations needed to solve the reactive
transport equation (15) beginning with two different implicit methods: Back-
ward Euler and Implicit Trapezoid. With both methods, we lag the coefficient
function in equation (15) in order to linearize the equation and avoid an other-
wise necessary root-finding method, such as Newton’s method. This lagging
changes our methods to semi-implicit.

3.1.1 First-Order in Time: Backward Euler

From equation (15), we define g(C) = ω +(1−ω)ρsq′(C) and apply finite differ-
ence approximations to ∂C

∂x and ∂ 2C
∂x2 and a Backward Euler temporal discretiza-

tion to ∂C
∂ t to get

g(Cn−1
i )

(
Cn

i −Cn−1
i

∆t

)
+un

i

(
Cn

i+1 −Cn
i

∆x

)
−Dn

i

(
Cn

i+1 −2Cn
i +Cn

i−1

(∆x)2

)
= f n

i .

where g(Cn−1
i ) is lagged in time to linearize the equation. Rearranging we

find(
− Dn

i ∆t
g(Cn−1

i )(∆x)2

)
Cn

i−1 +

(
1−

un
i ∆t

g(Cn−1
i )∆x

+
2Dn

i ∆t
g(Cn−1

i )(∆x)2

)
Cn

i

+

(
un

i ∆t
g(Cn−1

i )∆x
− Dn

i ∆t
g(Cn−1

i )(∆x)2

)
Cn

i+1 =Cn−1
i +

(
∆t

g(Cn−1
i )

)
f n
i . (16)

Denoting the coefficients of Cn
i−1, Cn

i , and Cn
i+1 by Xn

i , Y n
i , and Zn

i respectively,
and renaming the right hand side of (16) as Rn−1

i , we have simply
Xn

i Cn
i−1 +Y n

i Cn
i +Zn

i Cn
i+1 = Rn−1

i . (17)
A system of equations is then formed using (17) and the boundary conditions
described in Section 2.

To enforce the nonhomogeneous Dirichlet boundary condition at the inflow
given by (6) and the homogeneous Neumann boundary condition at the outflow
given by (7), we respectively set

Cn
0 =Cin and Cn

S =Cn
S−1. (18)

3.1.2 Second-Order in Time: Implicit Trapezoid

For the Implicit Trapezoid method we isolate ∂C
∂ t to get

∂C
∂ t

=
1

g(C)

[
−u∂C

∂x
+D∂ 2C

∂x2 + f
]
= F(t,C). (19)
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Applying finite difference methods to ∂C
∂x and ∂ 2C

∂x2 , we now arrive at

F(t,Ci) =
1

g(Ci)

[
−ui

(
Ci+1 −Ci

∆x

)
+Di

(
Ci+1 −2Ci +Ci−1

(∆x)2

)
+ fi

]
. (20)

Note that we still use a first order approximation for the first derivative even
though Implicit Trapezoid is a second-order method in time. Second order,
centered-difference approximations for the first derivative term are known to
be less accurate near a concentration front caused by an inflow flux as we are
considering in this case. In the case of protein chromatography, accuracy near
the concentration front is of vital importance. Forward or backward difference
approximations are more accurate in this case. However, second-order, one-sided
approximations cannot be used near the boundaries. Initial experimentation
using a different approximation (either a centered-difference or first-order) near
the boundary showed a reduction in the accuracy of the approximation so that
using a second-order, one-sided approximation did not pay off. Hence we chose
to use the simpler first-order approximation.

Evaluating at the nth time step gives

F(tn,Cn
i ) =

1
g(Cn−1

i )

[
−un

i

(
Cn

i+1 −Cn
i

∆x

)
+Dn

i

(
Cn

i+1 −2Cn
i +Cn

i−1

(∆x)2

)
+ f n

i

]
,

where we lag g(C) in order to avoid root-finding methods. F(Cn−1
i , tn−1) is

obtained similarly by evaluating (20) at the n−1st time step. Then applying
an Implicit Trapezoid approximation, we obtain

Cn
i −Cn−1

i
∆t

=
1

2g(Cn−1
i )

[
−un

i

(
Cn

i+1 −Cn
i

∆x
+

Cn−1
i+1 −Cn−1

i

∆x

)
+

Dn
i

(
Cn

i+1 −2Cn
i +Cn

i−1

(∆x)2 +
Cn−1

i+1 −2Cn−1
i +Cn−1

i−1

(∆x)2

)
+( f n

i + f n−1
i )

]
.

Multiplying by (∆x)2∆t on both sides, expanding, and gathering like terms, we
obtain

(
Dn

i ∆t
2g(Cn−1

i )

)
Cn

i−1 +

(
un

i ∆t∆x
2g(Cn−1

i )
− Dn

i ∆t
g(Cn−1

i )
− (∆x)2

)
Cn

i

+

(
−

un
i ∆t∆x

2g(Cn−1
i )

+
Dn

i ∆t
2g(Cn−1

i )

)
Cn

i+1

=

(
− Dn

i ∆t
2g(Cn−1

i )

)
Cn−1

i−1 +

(
−

un
i ∆t∆x

2g(Cn−1
i )

+
Dn

i ∆t
g(Cn−1

i )
− (∆x)2

)
Cn−1

i

+

(
un

i ∆t∆x
2g(Cn−1

i )
− Dn

i ∆t
2g(Cn−1

i )

)
Cn−1

i+1 +

(
− (∆x)2∆t

2g(Cn−1
i )

)
( f n

i + f n−1
i ). (21)

Denoting the coefficients of Cn
i−1, Cn

i , and Cn
i+1 for the Implicit Trapezoid ap-

proximation by X̂n
i , Ŷ n

i , and Ẑn
i respectively, and renaming the right hand side
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of (21) as R̂n−1
i , we get

X̂n
i Cn

i−1 + Ŷ n
i Cn

i + Ẑn
i Cn

i+1 = R̂n−1
i .

We note that although the system simplifies to a tridiagonal matrix as with
Backward Euler, X̂n

i , Ŷ n
i , Ẑn

i , and R̂n−1
i are much more complicated so that

more care must be taken when programming the equations. The process for
calculating the concentration at any given time is now identical to that of
Backward Euler.

3.2 Fully Explicit Methods
In this section, we derive the systems of equations needed to solve the reactive
transport equation (15) using two different fully explicit methods: Forward
Euler and Improved Euler (Explicit Trapezoid). Since explicit methods have
known stability issues, a right-sided approximation is used to approximate ∂C

∂x
to increase the stability of the explicit method solutions.

3.2.1 First-Order in Time: Forward Euler
As with the implicit methods, we use finite difference approximations for the
spatial derivatives in (15), but now apply a Forward Euler approximation for
∂C
∂ t to get

g(Cn−1
i )

(
Cn

i −Cn−1
i

∆t

)
+un−1

i

(
Cn−1

i+1 −Cn−1
i

∆x

)

−Dn−1
i

(
Cn−1

i+1 −2Cn−1
i +Cn−1

i−1

(∆x)2

)
= f n−1

i

where again g(C) = ω +(1−ω)ρsq′(C). We then solve for Cn
i getting

Cn
i =

(
1+

un−1
i ∆t

g(Cn−1
i )∆x

−
2Dn−1

i ∆t
g(Cn−1

i )(∆x)2

)
Cn−1

i

+

(
−un−1

i ∆t
g(Cn−1

i )∆x
+

Dn−1
i ∆t

g(Cn−1
i )(∆x)2

)
Cn−1

i+1 +

(
Dn−1

i ∆t
g(Cn−1

i )(∆x)2

)
Cn−1

i−1 +
f n−1
i ∆t

g(Cn−1
i )

. (22)

For simplicity, we let Xn−1
i , Y n−1

i , Zn−1
i denote the coefficient functions of Cn−1

i−1 ,
Cn−1

i , Cn−1
i+1 respectively and Fn−1

i denote the last term in (22). Then we have
simply

Cn
i = Xn−1

i Cn−1
i−1 +Y n−1

i Cn−1
i +Zn−1

i Cn−1
i+1 +Fn−1

i

for all interior nodes (i = 1, ...,S−1). We enforce the boundary conditions on
the exterior nodes as described in Section 3.1.1.

3.2.2 Second-Order in Time: Improved Euler (Explicit
Trapezoid)
To obtain the Improved Euler formulation, we use an explicit approximation of
the Implicit Trapezoid rule:

Cn
i −Cn−1

i
∆t

=
1
2

[
F(tn,C̄n

i )+F(tn−1,Cn−1
i )

]
, (23)
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where C̄n
i =Cn−1

i +∆tF(tn−1,Cn−1
i ) is the Forward Euler approximation of C and

F(t,Ci) is given by (20). Our derivation for C̄ is the same as our Forward Euler
derivation above, but we store it with different variables; namely, we label our
coefficients as FXn−1

i , FY n−1
i , and FZn−1

i and the final term as FFn−1
i :

C̄n
i = FXn−1

i Cn−1
i−1 +FY n−1

i Cn−1
i +FZn−1

i Cn−1
i+1 +FFn−1

i .

The F in each term stands for Forward as these are the coefficients for the
Forward Euler solution.

Next we use C̄ to calculate the first term on the right side of (23)

F(tn,C̄n
i ) =

1
g(C̄n

i )

[
f n
i −un

i

(
C̄n

i+1 −C̄n
i

∆x

)
+Dn

i

(
C̄n

i+1 −2C̄n
i +C̄n

i−1

(∆x)2

)]
,

which we will denote by PF, with P standing for Primary. Rearranging, we
get

PF(tn,C̄n
i ) =

(
Di

g(C̄n
i )(∆x)2 −

un
i

g(C̄n
i )∆x

)
C̄n

i+1

+

(
un

i

g(C̄n
i )∆x

− 2Dn
i

g(C̄n
i )(∆x)2

)
C̄n

i

+

(
Dn

i

g(C̄n
i )(∆x)2

)
C̄n

i−1 +
f n
i

g(C̄n
i )
, (24)

and for simplicity we rewrite this as

PF(tn,C̄n
i ) = PXn−1

i C̄n
i−1 +PY n−1

i C̄n
i +PZn−1

i C̄n
i+1 +PpFn−1

i .

by renaming the coefficients and last term of (24) as PXn−1
i , PY n−1

i , PZn−1
i , and

PpFn−1
i respectively.

The calculations for F(tn−1,Cn−1
i ), the second F in our Improved Euler formula,

are similar to the Primary calculations above with the only difference being the
shift to the n−1 time step. We use the label SF, standing for Secondary F to
distinguish this term. The Improved Euler Formula is then given by

Cn
i =Cn−1

i +
∆t
2

[
PF(tn,C̄n

i )+SF(tn−1,Cn−1
i )

]
.

We use this equation for all interior nodes (i = 1, ...,S−1). Again, we enforce the
boundary conditions on the exterior nodes as described in Section 3.1.1.

4 Numerical Results
In this section, we present results from implementations of the finite difference
schemes described in this paper using MATLAB®. First, we give numerical
convergence rates for the numerical approximation to the 1D nonlinear reactive
transport equation using the four finite difference methods described in Section
3. Second, we compare numerical simulation data to experimental data in
an effort to determine better ways to accurately predict breakthrough. We
conclude this section with a comparison of the methods.
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4.1 Computation of Convergence Rates
To illustrate the solution methods were performing correctly, we computed the
numerical error convergence rates for each of the four methods described above.
The error was calculated by computing the discrete L2(L2) and L∞(L2) time-
space norms of the difference between the theoretical and numerical solutions
for each method [31].

For the computation of convergence rates, we take the domain to be [t0,T ]×
[x0,xS] = [0,1]× [0,1]. The right hand side function f , the boundary conditions,
and the initial condition were determined by the chosen true solution

C(t,x) = t sin(πx).

Note that this function has homogeneous Dirichlet boundary conditions and an
initial function that is zero everywhere. Additionally for simplicity, parameters
are chosen to be the following

D = 1,u = 1,ρs = 1,Keq = 1, and qmax = 1,ω = .5
where Keq and qmax are the parameters in the Langmuir adsorption model

q =
KeqqmaxC
1+KeqC

. (25)

As mentioned above, we make use of the discrete L2(L2) and L∞(L2) time-space
norms [31] which we denote for simplicity as ‖ · ‖L2(0,T ;L2(Ω)) and ‖ · ‖L∞(0,T ;L2(Ω))

respectively. Specifically, for the exact solution C(t,x) and the approximate
solution Ĉ,

‖C−Ĉ‖L2(L2) =

(
N

∑
n=0

‖C(tn, ·)−Ĉn‖2
L2(Ω)dt

)1/2

and
‖C−Ĉ‖L∞(L2) = max

0≤n≤N
‖C(tn, ·)−Ĉn‖L2(Ω)

where

‖C(tn, ·)−Ĉn‖L2(Ω) =

(
S

∑
i=0

(
C(tn,xi)−Ĉn

i
)2
)1/2

.

To obtain the order of convergence for the error for both the Forward Euler
and Backward Euler solutions, ∆x and ∆t are each cut in half as the errors
are calculated for each pair of discretization values ((∆t) j,(∆x) j). The order of
convergence is then calculated by

Order j =
ln
∣∣∣ Err j

Err j−1

∣∣∣
ln
∣∣∣ ∆t j

∆t j−1

∣∣∣ . (26)

where Err j indicates either the L2 time-space norm ‖ · ‖L2(0,T ;L2(Ω)) or the L∞

time-space norm ‖ · ‖L∞(0,T ;L2(Ω)). Since Forward Euler and Backward Euler are
both first-order time discretization methods, we expect the order to approach 1
as ∆t and ∆x are decreased.
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For the second order methods (Implicit Trapezoid and Improved Euler), the
discretization parameters were treated separately. Specifically, ∆t was again cut
in half each time while ∆x was cut by a fourth; this was to account for the fact
that the finite difference approximation used for the spatial derivative ∂C

∂x is
only first order. The order was calculated the same as in (26). We then expect
the order to approach 2 as ∆t and ∆x are decreased indicating that the methods
are second order in time.

4.1.1 Fully Implicit Methods

First-Order in Time: Backward Euler Backward Euler, being a first
order method, is O(∆t), so in combination with the finite difference formulas
this leads to an overall error that is linear in both space and time as in

||C−Ĉ||L2(L2) ∼ O(∆t +∆x)

and
‖C−Ĉ‖L∞(L2) ∼ O(∆t +∆x)

where C is the exact solution and Ĉ is the approximate solution. Therefore, we
expect the rate of convergence to converge to 1 as ∆t and ∆x decrease which is
shown by the results in Table 1.

(∆t,∆x) →
( 1

16 ,
1
8

) ( 1
32 ,

1
16

) ( 1
64 ,

1
32

) ( 1
128 ,

1
64

) ( 1
256 ,

1
128

)
‖C−Ĉ‖L∞(L2) 5.221E-02 2.308E-02 1.082E-02 5.237E-03 2.575E-03

Rate – 1.1776 1.0926 1.0474 1.0240
‖C−Ĉ‖L2(L2) 2.973E-02 1.282E-02 5.936E-03 2.853E-03 1.399-03

Rate – 1.2131 1.1110 1.0568 1.0288

Table 1: Approximation errors and experimental convergence rates for the
Backward Euler approximation. As ∆t and ∆x are cut in half, the L2 error is
reduced the same amount which is consistent with the theoretical convergence
rates.

Second-Order in Time: Implicit Trapezoid Implicit Trapezoid is a second
order method in time, O(∆t2). In combination with the finite difference formulas
this leads to an overall error that is linear in space yet quadratic in time as
in

||C−Ĉ||L2(L2) ∼ O((∆t)2 +∆x)

and
‖C−Ĉ‖L∞(L2) ∼ O((∆t)2 +∆x)

where C is the exact solution and Ĉ is the approximate solution. As expected,
we see the convergence rate approaching 2 with both the L∞ and L2 errors as
shown in Table 2.



Comparing Finite Difference Methods to Nonlinear Transport 13

(∆t,∆x) →
( 1

16 ,
1
4

) ( 1
32 ,

1
16

) ( 1
64 ,

1
64

) ( 1
128 ,

1
256

)
‖C−Ĉ‖L∞(L2) 1.334E-01 2.327E-02 5.237E-03 1.256E-03

Rate – 2.5193 2.1515 2.0596
‖C−Ĉ‖L2(L2) 7.687E-02 1.308E-02 2.873E-03 6.688E-04

Rate – 2.5553 2.1867 2.1029

Table 2: Approximation errors and experimental convergence rates for the
Implicit Trapezoid approximation. As ∆t is cut in half and ∆x is cut into fourths,
the L2 error is reduced by a fourth which indicates quadratic convergence in
time. Note that only four columns of data are given because of the small size of
∆t and ∆x.

4.1.2 Fully Explicit Methods

First-Order in Time: Forward Euler As with Backward Euler, Forwad
Euler is a first-order time integration method. Therefore, we expect the rate
of convergence to approach to 1 as ∆t and ∆x decrease which is shown by the
results in Table 3. As Forward Euler is a fully explicit method, the stability of
the solution depends on ∆t being small enough with respect to ∆x. Although a
full theoretical stability analysis is ongoing, we expect from initial numerical
investigations to have a second order stability requirement, i.e. ∆t ∼ O((∆x)2).
Furthermore, this requirement is consistent with what is expected for numerical
stability in non-reactive diffusion problems [32]. Therefore to ensure stability of
the error results shown in Table 3, we set ∆t = (∆x)2

50 and reduce ∆x by half each
time.

∆t ∆x → 1
2

1
4

1
8

1
16

1
32

4* (∆x)2

50 ‖C−Ĉ‖L∞(L2) 4.18E-01 1.34E-01 5.32E-02 2.35E-02 1.10E-02
Rate – 1.64 1.33 1.17 1.09

‖C−Ĉ‖L2(L2) 2.32E-01 7.53E-02 2.98E-02 1.32E-02 6.20E-03
Rate – 1.62 1.33 1.17 1.09

Table 3: Approximation errors and experimental convergence rates for the
Forward Euler approximation. As ∆x and ∆t decrease, the convergence rate
approaches 1 indicating a linear rate.

Second-Order in Time: Improved Euler (Explicit Trapezoid) As
with the Implicit Trapezoid method, Improved Euler is a second-order time
integration method resulting in an overall error that is linear in space yet
quadratic in time. To account for the slower spatial convergence, we modify
the error computations similarly to what was done with Implicit Trapezoid: ∆x
is reduced by a fourth while ∆t is reduced by only a half. We then expect the
convergence rate to approach 2 as is shown in Table 4 with both the L∞ and L2

errors for Improved Euler.

As with Forward Euler, Improved Euler is a fully explicit method therefore
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requiring a stability condition on ∆t. Again from initial numerical investigations,
we expect ∆t ∼ O(∆x)2. To maintain stability of the solution for the error
computations with ∆t and ∆x being reduced by half independently in each
iteration, we set ∆t very small to start, specifically ∆t = 1

3000 (∆x0)
2 where

∆x0 = 0.5 is the initial ∆x value.

(∆t,∆x) →
(

1
3000

( 1
2

)2
, 1

2

) (
1

6000

( 1
2

)2
, 1

8

) (
1

12000

( 1
2

)2
, 1

32

) (
1

24000

( 1
2

)2
, 1

128

)
‖C−Ĉ‖L∞(L2) 4.18E-01 5.32E-02 1.10E-02 2.62E-03

Rate – 2.974 2.270 2.072
‖C−Ĉ‖L2(L2) 2.31E-01 2.99E-02 6.20E-03 1.47E-03

Rate – 2.952 2.268 2.072

Table 4: Approximation errors and experimental convergence rates for the
Improved Euler approximation. As ∆x and ∆t decrease, the convergence rate
approaches 2 indicating a quadratic rate. Note that, as with the Implicit
Trapezoid results, only four columns of data are given because of the small size
of ∆t and ∆x.

4.2 Experimental Comparison
To determine the efficacy of our simulation methods, we compare the simulated
solution to experimental data. For the comparison with experimental data, we
choose parameter values to mimic the associated laboratory conditions. The
experimental data was obtained by Juan Wang in the Department of Chemical
and Biomolecular Engineering at Clemson University as part of Scott Husson’s
Bioseparations and Advanced Separation Materials research group.

The multimodal membrane (MMM) was prepared by modification of a commer-
cial regenerated cellulose membrane from Whatman, Inc., which has an average
effective pore size of 1 µm and a thickness of 0.7 mm. Details of membrane
synthesis were described previously [10]. A stack of 10 MMMs was placed in a
Mustang Coin® module (Pall Corporation, Port Washington, NY) with one piece
of 25 µm nominal pore diameter filter paper (Whatman 5) placed on each side of
the stack. The resulting bed height of the module is approximately 0.7 cm. We
orient our one-dimensional model in the vertical direction; hence, the interval
for x is [a,b] = [0,0.7]. The effective membrane diameter within the module is
1.6 cm, but this does not affect the one-dimensional model. The module was
installed in an AKTA purifier. The membrane bed porosity was measured to
be ω = 0.84. The interval for t was chosen to simulate the entire adsorption
portion of the chromatography process which was found to be [0,T ] = [0,80] for
the laboratory experiment. An immunoglobulin G (IgG) protein feed solution
was pumped vertically through the membrane module using a constant pressure
differential providing a constant flow rate of 0.1 mL/min.

For the dispersion, we chose a model correlated with low Peclet numbers [12]
to account for the spreading effect due to both diffusion and convective flow.
In the case of one-dimension, we consider only the longitudinal dispersivity DL
which is modeled in a low Peclét flow regime as

D = DL = ωd0 +αL |u| ,
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where ω is the porosity, d0 is the diffusion coefficient, |u| is the mean microscopic
velocity, and αL and αT are the longitudinal and transverse dispersivities,
respectively. For an understanding of dispersion models in higher dimensions,
one can see for example [12]. As stated above, the flow is purely vertical for the
physical experiment being considered so we orient the longitudinal direction of
the dispersion in the vertical direction.

Values for the diffusion coefficient of protein molecules in porous membranes
range from 6×10−4 cm2/min (for small proteins such as glycine) to 2.28×10−5

cm2/min (for large proteins such as immunoglobulin G) [33]. We chose a
diffusion coefficient value of 2.28 × 10−5 cm2/min as IgG was used in the
experiment.

The value for the mean microscopic velocity |u| was approximated from the
constant flow rate. As the experimental flow rate is 0.1 mL/min:

|u| ≈ flowrate
πr2 = 0.0497 cm/min. (27)

The value given in (27) was also used for the coefficient velocity function
for the advection term in the reactive transport equation (15) when using a
Dirichlet inflow boundary condition. When considering a Danckwerts inflow
boundary condition, u in both the reactive transport equation (15) and the
inflow boundary condition (8) was taken to be as large as the flow rate (0.1) in
an attempt to increase the accuracy of the simulations.

Values for the longitudinal dispersivity, αL, are known to vary depending on the
physical properties of the membrane. Experimental values for αL on a small
scale range from around a few millimeters to nearly a hundred centimeters
depending on the porosity [12, 34], and αL decreases as the porosity increases
[35]. As our porosity is closer to 1, αL should be on the lower end of this range,
i.e., on the order of a few millimeters. The specific value of αL was chosen to
obtain a better match between the experimental and simulated data while still
staying in the acceptable range. The specific values used are given with the
results below.

For the numerical simulation results shown below, we use Langmuir’s adsorption
model (equation (25)) and obtained qmax and Keq by fitting the model to
measured adsorption isotherm data:

qmax = 150 mg/mL and Keq = 2.06 mL/mg.
We set ∆x and ∆t to be small enough for each method to ensure the error in the
numerical methods did not affect the results significantly. More specifics are
given with the results below.

Productivity is an important metric in evaluating bind-and-elute chromatogra-
phy processes. Previously, Husson and coworkers [9] defined productivity as the
mass of protein that can bind per volume of membrane per time, and provided
a convenient expression to calculate it:

Productivity =
Bdynamic

tbreak
, (28)
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where Bdynamic is the dynamic binding capacity and tbreak is the time it takes
to reach the point of 10% breakthrough, i.e., the time at which the column
effluent concentration reaches 10% of the feed concentration. Focusing on a 10%
breakthrough is commonly used in practice as the time at which the protein
column would be moved to the next stage in a continuous chromatography
process [36, 37]. From a productivity standpoint, differences in dynamic binding
capacity do not impact productivity nearly as significantly as differences in
residence times [9]. Therefore, high productivities can be achieved when the
time to breakthrough is short; that is, the membrane quickly reaches its capacity
to bind proteins. Hence accurately predicting the time to 10% breakthrough is
of great importance when simulating the chromatography process.

The information on protein breakthrough is visualized using a breakthrough
curve, a plot of the relative concentration (C/Cin) of the effluent (outflow) as a
function of time. In other words, Figures 1 and 2 show C/Cin =C(b)/Cin as a
function of time. We assessed the validity of our approach by comparing our
simulated breakthrough curves with the experimental curves generated from
laboratory data.

4.2.1 Fully Implicit Methods

In this section, we compare the numerical solutions obtained from Backward
Euler and Implicit Trapezoid with the experimental data described above.
Figure 1 shows comparisons of the numerical solutions to the experimental
data. The discretization parameters were set to (∆t,∆x) = (0.1,0.1) to generate
the numerical solutions. Both Backward Euler and Implicit Trapezoid using
a Dirichlet inflow condition produced results that matched the experimental
data very well up through approximately 40% breakthrough (where the curves
intersect).

Although the accuracy of the simulations decreases after 40% breakthrough,
these methods still provide a high amount of accuracy since predicting the
experimental results close to column saturation is known to be difficult due
to complex end behavior in the adsorption phase of the chromotographic
process. The reasons for this complexity are still unclear but are thought to
be cause by protein-protein interactions, non-specific binding, and multilayer
adsorption effects [36]. Dimartino, Boi, and Sarti even point out that using
the entire range of the concentration during the adsorption process would in
fact make the model less accurate initially where it is more important to have
higher accuracy [36]. Additionally, the adsorption mechanisms in effect for the
experimental data under consideration in this paper are due to multiple modes
of adsorption thus making the data more complex and likely more difficult to
predict than data obtained with one mode of adsorption (e.g. affinity adsorption
in [36]). Consequently, the fact that both solution methods provide accurate
results not only for tbreak, the time to 10% breakthrough, but also up through
40% breakthrough is strong support for the effectiveness of these methods as
simulation tools.
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Danckwerts Boundary Conditions The Danckwerts boundary conditions,
specifically a Robin type boundary condition on the inflow and a Neumann
boundary condition on the outflow, were also considered since these boundary
conditions are theoretically more realistic. However, for our chosen model and
solution methods, the results were much less accurate than those produced by
the Dirichlet inflow condition, and hence we chose not to provide a reference
figure. Using (∆t,∆x) = (0.1,0.1) as with the Dirichlet inflow condition, the
data generated by Backward Euler and Implicit Trapezoid using Danckwerts
the accuracy of the data was lower for earlier time although the shape of the
numerical curve more closely resembles the shape of the experimental data
for later t-values. Considering the metrics applied above to the results with
Dirichlet inflow condition, accuracy earlier on is more important, and hence this
inflow condition does not provide an effective simulation tool for the situation
under consideration.

(a) Backward Euler (Dirichlet) (b) Implicit Trapezoid (Dirichlet)

Figure 1: Comparison of Backward Euler and Implicit Trapezoid using Dirichlet
inflow boundary condition. Both methods produce accurate results up through
40% breakthrough. Accurately predicting the end behavior is a known issue
with simulating adsorption due to complex end behavior of the adsorption
phase.

The cause of the inaccuracy with the Danckwerts conditions is yet to be
determined. Initial investigations using a higher-order approximation for the
derivative term in the inflow condition showed no improvement. The decreased
accuracy may be due to the simplifying assumption of a constant velocity affects
since the velocity is taken into account in the inflow Danckwerts boundary
condition. Further research is necessary to understand why these alternate
boundary conditions resulted in less accurate results.

4.2.2 Fully Explicit Methods
In this section, we compare the numerical solutions obtained from Forward
Euler and Improved Euler with the experimental data described above. As
we can see from Figure 2, both the Forward Euler and the Improved Euler
solutions accurately predict the experimental data up through 40% breakthrough
similar to the semi-implicit methods, and therefore they both provide effective
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simulation tools.

For both simulation results shown in Figure 2, ∆x is set to 0.1 and ∆t is set
to 1

50 (∆x)2. We found that making ∆x any bigger (0.125) or smaller (0.0625)
resulted in a lower level of accuracy. Changes in the coefficient of our ∆t value
from 1 to 1/200 seemed to have no noticeable effect; values outside of this range
were not investigated. It is not surprising that changes in the Forward Euler
code affecting accuracy had the same effect in the Improved Euler code as the
Forward Euler method is used to calculate the Improved Euler results. We
used this relationship to inform what discretization values were considered for
producing the simulation results with Improved Euler.

Danckwerts Boundary Conditions Implementing the Danckwerts inflow
boundary condition for Forward Euler and Improved Euler exacerbated the
instability inherent in these explicit methods. Through numerical investigations,
we found that the Danckwerts inflow condition could be used only if the
magnitude of the derivative ∂C

∂x at the particular time step was less than 17 for
Forward Euler and 2.1 for Improved Euler. Consequently, the Danckwerts inflow
condition was implemented on a conditional basis: Danckwerts was used as the
inflow condition for a particular time step if the magnitude of the derivative at
that timestep was less than the given number (17 for Forward Euler, 2.1 for
Improved Euler) and the Dirichlet inflow condition was used otherwise. With
this implementation, the Forward Euler solution produced simulated results
that were visually indistinguishable from the results using a Dirichlet inflow
condition as shown in Figure 2a.

(a) Forward Euler (Dirichlet) (b) Improved Euler (Dirichlet)

Figure 2: Comparison of Forward Euler and Improved Euler. With ∆x = 0.1
and ∆t = 1

50 (∆x)2 both graphs produce similar and accurate results particularly
up through 40% breakthrough.

The results from Improved Euler with the Danckwerts inflow boundary con-
ditions contain a notable difference from the graph for Improved Euler with
the Dirichlet inflow boundary condition. Using the conditional implementa-
tion of the Danckwerts inflow condition described in the previous paragraph,
the Improved Euler solution simulated losing some of the mass of the protein



Comparing Finite Difference Methods to Nonlinear Transport 19

effluent so that in the end the simulated outflow never reached the magni-
tude of the inflow concentration. In this way, the simulation is not physically
accurate, so Improved Euler with a Danckwerts inflow condition cannot be
used to predict experimental results. As with the semi-implicit methods, using
a higher-order approximation for the derivative term in the inflow condition
showed no improvement for either fully explicit method.

4.3 Comparison of Numerical Schemes
4.3.1 Semi-Implicit Methods: Backward Euler vs. Im-
plicit Trapezoid
Although different size reductions for ∆t,∆x in the error analysis for Backward
Euler and Implicit Trapezoid make it difficult to judge their effectiveness, we can
make use of the common (∆t,∆x) between the two methods, namely ( 1

32 ,
1
16 ). The

errors shown for both methods in Tables 1 and 2 are on the same order (10−2)
although the Backward Euler error is marginally smaller; however, reducing ∆t
while holding ∆x constant would result in a larger reduction in the error with
Implicit Trapezoid since it is of higher order.

For both Backward Euler and Implicit Trapezoid, simulations were done using a
Neumann outflow while changing the inflow boundary condition from Dirichlet
to Danckwerts. Using the Dirichlet boundary condition, both graphs shown in
Figure 1 appear to be nearly identical. However, it is possible that with higher
dimensions, the difference between the two results would be more noticeable.
In the case of higher dimensions, the higher-order Implicit Trapezoid method
may prove more useful in allowing larger step sizes while preserving accuracy,
but further research is necessary to determine if this is the case.

We also compared computation time in regards to the simulations. The compu-
tation times were calculated with MATLAB’s tic and toc commands. With
∆t = ∆x = 0.1 using the Dirichlet inflow boundary condition, Backward Euler
has a computation time in the range of 0.083 to 0.097 seconds, while Implicit
Trapezoid has a computation time in the range of 0.091 to 0.120 seconds. Con-
sidering the Danckwerts inflow boundary condition, Backward Euler has a
computation time in the range of 0.078 to 0.096 seconds and Implicit Trapezoid
has a computation time in the range of 0.109 to 0.131 seconds. Considering
the similarity in the simulated results for the chosen discretization parameters,
Backward Euler was more efficient than Implicit Trapezoid in producing the
comparative data shown in this paper.

4.3.2 Explicit Methods: Forward Euler vs. Improved
Euler
In order to compare the error results for Improved Euler with the error results
for Forward Euler, we computed the errors associated with the Forward Euler
solution for the same ∆t and ∆x values used for the Improved Euler error results
given in Table 4; these new error calculations are given in Table 5. The L∞

and L2 errors for both methods are very similar. The Forward Euler error is
occasionally slightly smaller than the Improved Euler error although the largest
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difference is on the order of 10−3 and this difference shrinks as ∆t and ∆x shrink.
Additionally, we would expect reducing ∆t while holding ∆x constant to result
in a larger reduction in the error with Improved Euler since it is of higher
order.

(∆t,∆x) →
(

1
3000

( 1
2

)2
, 1

2

) (
1

6000

( 1
2

)2
, 1

8

) (
1

12000

( 1
2

)2
, 1

32

) (
1

24000

( 1
2

)2
, 1

128

)
‖C−Ĉ‖L∞(L2) 4.18E-01 5.30E-02 1.10E-02 2.62E-03
‖C−Ĉ‖L2(L2) 2.27E-01 2.94E-02 6.10E-03 1.45E-03

Table 5: Approximation errors and convergence rates for Forward Euler to
compare to Table 5.

With a Dirichlet inflow boundary condition both codes produced accurate
simulation results as shown in Figure 2. However, a Danckwerts inflow boundary
condition could only be implemented conditionally depending on the magnitude
of the first derivative which produced results that were unrealistic with Improved
Euler and indistinguishable from the Dirichlet inflow condition with Forward
Euler. Consequently, neither of the explicit methods were capable of fully
utilizing a Danckwerts inflow boundary condition for simulations.

For our time analysis, we ran both codes with ∆x = ∆t = 0.1 and used our
Dirichlet and Homogeneous Neumann boundary conditions; although this choice
of ∆t does not follow the stability requirements discussed previously, we found
that the time step restriction was not necessary in practice with the chosen
parameter values. We did not do a time analysis with Danckwerts due to the
unrealistic output discussed in Section 4.2.2. The Forward Euler run time ranged
from 0.008 to 0.032 seconds, and the Improved Euler run time ranged from
0.017 to 0.053 seconds. Hence, in general Forward Euler produced results faster
than Improved Euler. However as with Implicit Trapezoid, the higher-order
Improved Euler method may prove more useful in allowing larger step sizes
in the case of higher dimension. It remains to be seen whether the time step
restriction will negate the potential for larger time steps with Improved Euler
in higher dimensions. Thus for one dimension, Forward Euler was the more
efficient explicit simulation method.

4.3.3 Implicit vs. Explicit Methods
In comparing the implicit and explicit methods, the differences between errors
were negligible so we will focus on two topics: efficacy with different boundary
conditions and computation time.

With the implicit methods, both types of inflow boundary conditions that were
considered (Dirichlet and Danckwerts) were easy to implement and produced
reasonably accurate results in comparison to the experimental data. In compar-
ison of the simulation results with the two boundary conditions, the Dirichlet
condition was better for one dimensional simulations, but the Danckwerts con-
dition may provide more accurate results in higher dimensions. For the explicit
methods, the Danckwerts inflow condition exacerbated the instability, so a
conditional implementation was necessary. Consequently, it did not noticeably
improve the Forward Euler results, and it made the Improved Euler results less
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accurate (in fact, unrealistic). Overall, the implicit methods were much better
when considering more complex inflow boundary conditions.

For this comparison, we use the computation times described in Sections 4.3.1
and 4.3.2. Between the two implicit methods, Backward Euler had a slightly
shorter computation time as expected since there are more function evaluations
for Implicit Trapezoid. The explicit methods were much faster (as much as an
order of magnitude faster) when considering the same discretization parameters.
Between the two explicit methods, Forward Euler had faster computation
times as expected since it has fewer function evaluations. However, the faster
computation time can only be achieved if stability does not require the timestep
to be extremely small. Therefore, the explicit methods are conditionally better
in terms of computation time.

5 Conclusion
In this paper, we developed and compared four finite difference schemes, two
semi-implicit and two explicit, for solving the nonlinear reactive transport
equation. A summary of some of our findings is provided in Table 6. No
strategy was a clear winner over the others, but the implicit methods held
a slight advantage because they had no time step restriction. Between the
two implicit methods, the Backward Euler solution scheme was moderately
better in one-dimension because of the shorter computation times and simpler
derivation and computation. However, the explicit methods had extremely
short computation times when a larger timestep could be taken as was the case
with the simulation comparison to experimental data. Between the two explicit
methods, Forward Euler was better in one dimension as it ran more quickly
and was more versatile than Improved Euler. Thus, while Backward Euler is
best overall for the purpose in this paper, Forward Euler is the better of the
two Explicit Methods. In general, which strategy is best for a given situation
depends on the needs of the end user as is illustrated in Table 6.

If the user is looking for... Then use...
Less complex to implement Forward Euler
Less complex to calculate converging error Backward Euler
Fastest computation time Forward Euler* or Backward Euler
Increased accuracy with faster computation time Improved Euler* or Implicit Trapezoid
Increased accuracy with larger time steps Implicit Trapezoid
More robust with boundary conditions Backward Euler or Implicit Trapezoid

Table 6: A comparison of the benefits of each method. The asterisk (*) indicates
the benefit holds only if stability does not require a very small timestep.

Our next steps include investigating more complex kinematics, variable velocity,
higher dimensions, adaptive time-stepping schemes and other linearization tech-
niques in an effort to produce more accurate and yet efficient simulation methods.
Incorporating more complex kinematic equations such as non-instantaneous
adsorption and an isotherm that incorporates multiple modes of adsorption may
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result in more accurate predictions of the end behavior of the experimental data.
Additionally, a variable velocity may increase the accuracy of the simulation
predictions, particularly with a Danckwerts inflow condition.

With higher dimensions, the higher-order schemes may prove more useful in
allowing larger time steps while preserving accuracy. Incorporating an adaptive
time-stepping scheme with Improved Euler could also help the simulations
achieve larger time steps while still maintaining accuracy. Given our use of
semi-implicit methods in this paper, we intend to explore fully implicit methods
in the future considering both built-in MATLAB® nonlinear solvers and custom
programmed linearization techniques such as Newton iteration or a fixed point
with Anderson Acceleration. It remains to be seen whether the increased
computational cost of the more complex solution schemes will cancel out the
benefit of the increased accuracy. As Dimartino, Boi, and Sarti [36] point out,
an effective simulation tool for chromatography must have a model that is
accurate while being as simple as possible.

Initial numerical investigations indicate that the explicit methods are stable only
for small enough ∆t whereas the semi-implicit methods have no requirements on
∆t for stability. A theoretical stability analysis is ongoing and will be included
in a subsequent paper.

6 Acknowledgements
This research was supported by the National Science Foundation under Grant
No. NSF-DMS-2011911. The authors are grateful to Professor Scott Husson
and Dr. Juan Wang for their work in producing the experimental data.

Bibliography
[1] Davies, N. The future of biologics. Thepharmaletter. (2017)

[2] Research, T. Global Biological Drugs Market to be Worth
US 287,139.7 Million by 2020. (http://globenewswire.com/news-
release/2014/10/20/674317/10103285/en/Global-Biological-Drugs-
Market-to-be-Worth-US-287-139-7-Million-by-2020-Transparency -Market-
Research.html,2014)

[3] Hiller, A. Fast Growth Foreseen for Protein Therapeutics. Genet.
Eng. Biotechn.. 29 pp. 153-155 (2009), http://www.genengnews.com/gen-
articles/fast-growth-foreseen-for-protein-therapeutics/2722/

[4] Langer, E. Focus on Efficiency: Single-use, analytical methods and down-
stream processing at the forefront. Pharm. Manuf.. March pp. 3-11 (2013)

[5] Bhut, B., Wickramasinghe, S. & Husson, S. Preparation of high-capacity,
weak anion-exchange membranes for protein separations using surface-
initiated atom transfer radical polymerization. J. Membr. Sci.. 325 pp.
176-183 (2008)



Comparing Finite Difference Methods to Nonlinear Transport 23

[6] Bhut, B. & Husson, S. Dramatic performance improvement of weak anion-
exchange membranes for chromatographic bioseparations. J. Membr. Sci..
337 pp. 215-233 (2009)

[7] Bhut, B., Christensen, K. & Husson, S. Membrane chromatography: Protein
purification from E.colilysate using newly designed and commercial anion-
exchange stationary phases. J. Chromatogr. A. 1217, 4946-4957 (2010)

[8] Bhut, B., Christensen, K. & Husson, S. Membrane chromatography: Protein
purification from E. Colilysate using newly designed and commercial anion-
exchange stationary phases. J. Chromatogr. A. 1217, 4946-3957 (2010)

[9] Chenette, H., Robinson, J., Hobley, E. & Husson, S. Development of high-
productivity, strong cation-exchange adsorbers for protein capture by graft
polymerization from membranes with different pore sizes. J. Membrane Sci..
423424 pp. 43-52 (2012)

[10] Wang, J., Sproul, R., Anderson, L. & Husson, S. Development of multimodal
membrane adsorbers for antibody purification using atom transfer radical
polymerization. Polymer. 55, 1404-1411 (2014)

[11] Wang, J., Wilson, A., Robinson, J., Jenkins, E. & Husson, S. A new
multimodal membrane adsorber for monoclonal antibody purifications. J.
Membr. Sci.. 492 pp. 137-146 (2015)

[12] Marsily, G. Quantitative Hydrogeology: Groundwater Hydrology for Engi-
neers. (Academic Press,1986)

[13] Nfor, B., Noverraz, M., Chilamkurthi, S., Verhaert, P., Wielen, L. & Ottens,
M. High-throughput Isotherm Determination and Thermodynamic Modeling
of Protein Adsorption on Mixed Mode Adsorbents. J. Chromatogr. A. 1217
pp. 6829-6850 (2010)

[14] Singh, N., Husson, S., Zdyrko, B. & Luzinov, I. Surface modification of
microporous PVDF membranes by ATRP. J. Membrane Sci.. 262 pp. 81-90
(2005)

[15] Singh, N., Wang, J., Ulbrict, M., Wickramasinghe, S. & Husson, S. Surface-
initiated atom transfer radical polymerization: A new method for the prepa-
ration of polymeric membrane adsorbers. J. Membrane Sci.. 309 pp. 64-72
(2008)

[16] Boyer, T., Miller, C. & Singer, P. Modeling the Removal of Dissolved
Organic Carbon by Ion Exchange in a Completely Mixed Flow Reactor.
Water Res.. 42 pp. 1897-1906 (2008)

[17] Farthing, M., Kees, C., Russell, T. & Miller, C. An ELLAM Approximation
for Advective-Dispersive Transport with Nonlinear Sorption. Adv. Water
Resour.. 29 pp. 657-675 (2006)

[18] Kaur, J., Malengier, B. & Remesíková, M. Convergence of an operator
splitting method on a bounded domain for a convection-diffusion-reaction
system. J. Math. Anal. Appl.. 348 pp. 894-914 (2008)



24 Mathematics Exchange, 18(1), Fall 2024, 2-25

[19] Poulain, C. & Finlayson, B. A Comparison of Numerical Methods Applied
to Non-linear Adsorption Columns. Int. J. Numer. Meth. Fl.. 17 pp. 839-859
(1993)

[20] Remesíková, M. Solution of Convection-Diffusion Problems with Nonequi-
librium Adsorption. J. Comput. Appl. Math.. 169 pp. 101-116 (2004)

[21] Suen, S. & Etzel, M. A mathematical analysis of affinity membrane biosep-
arations. Chem. Eng. Sci.. 47, 1355-1364 (1992)

[22] Arbogast, T., Wheeler, M. & Zhang, N. A nonlinear mixed finite element
method for a degenerate parabolic equation arising in flow in porous media.
SIAM J. Numer. Anal.. 33 pp. 1669-1687 (1996)

[23] Wilson, A. & Jenkins, E. Numerical Simulation of Solid Phase Adsorption
Models Using Time-Integrated, Up-winded Finite Element Strategies. Comput.
Sci. Eng.. (2019)

[24] Wilson, A. & Jenkins, E. Analysis of a fully implicit SUPG scheme for a
filtration and separation model. Comp. Appl. Math.. (2020)

[25] Wilson, A. & Jenkins, E. Towards Higher Order Methods for Nonlinear
Adsorption Problems.

[26] Tarafder, A. Modeling and Multi-Objective Optimization of a Chromato-
graphic System. Multi-Objective Optimization In Chemical Engineering: De-
velopments And Applications. (2013)

[27] Yang, H., Bitzer, M. & Etzel, M. Analysis of Protein Purification Using
Ion-Exchange Membranes. Ind. Eng. Chem. Res.. 38 pp. 4044-4050 (1999)

[28] Scopes, R. Protein Purification: Principles and Practice. (Springer-
Verlag,1994)

[29] Mott, H. & Green, Z. On Danckwerts’ Boundary Conditions for the Plug-
Flow with Disperson/Reaction Model. Chem. Eng. Comm.. 202, 739-745
(2015)

[30] Mollerup, J. A review of the thermodynamics of protein association to
ligands, protein adsorption and adsorption isotherm. Chem. Eng. Technol..
31, 864-874 (2008)

[31] Strikwerda, J. Finite Difference Schemes and Partial Differential Equations.
(SIAM,2004)

[32] Cheney, E. & Kincaid, D. Numerical Mathematics and Computing. (Brooks
Cole,2007)

[33] Suen, S. & Etzel, M. A mathematical analysis of affinity membrane biosep-
arations. Chem. Eng. Sci.. 47, 1355-1364 (1992)

[34] Agarwal, N., Semmens, M., Novak, P. & Hozalski, R. Zone of influence
of a gas permeable membrane system for delivery of gases to groundwater.
Water Resour. Res.. 41 (2005)



Comparing Finite Difference Methods to Nonlinear Transport 25

[35] Xu, M. & Eckstein, Y. Statistical analysis of the relationships between
dispersivity and other physical properties of porous media. Hydrogeol. J.. 5,
4-20 (1997)

[36] Dimartino, S., Boi, C. & Sarti, G. A validated model for the simulation of
protein purification through affinity membrane chromatography. J Chrom A.
1218 pp. 1677-1690 (2022)

[37] Riske, F. & Ransohoff, T. Development of Continuous Capture Steps
in Bioprocess Applications. Preparative Chromatography For Separation Of
Proteins. (2017)



Finding the Cheapest Way to Build a Graph

Shu Qian, Samiha Rao*

Shu Qian was a senior at George Washington University ma-
joring in Pure Mathematics when working on this paper. She
is currently a master student in the Mathematics program at
New York University. She is interested in Number Theory and
Combinatorics but is still exploring other interesting fields.

Samiha Rao worked on this paper while a senior at George
Washington University where she pursued a double major in
Applied Mathematics and International Affairs. She is currently
working at Bristol Myers Squibb in Information Technology,
specializing in analytics. She is passionate about working in
spaces where math and analytics can help bring social change.

Abstract
The Concept Reinforcement Problem is a graph optimization problem introduced
by Novikoff. One seeks to build a graph G vertex by vertex in the cheapest
way possible for that graph. The cost function for each vertex is a positive,
decreasing, convex function where the input is determined by the number of
neighbors already built. We solve this problem for a variety of different graphs
such as simple connected small-sized graphs, trees, cycles, wheels, grid graphs,
ladder graphs, and complete bipartite graphs.

1 Introduction

1.1 Background Consider building a network G vertex by vertex. The
cost of building this graph is the sum of the costs of vertices, and the cost
of building each vertex v is determined by the number of neighbors of v that
have already been built. For an arbitrary graph G = (V,E), there are different
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ways to build it. For example, for the four-vertex cycle , if the green

vertex is installed first, any other vertex in a different color can be built next.
Installing a vertex vi costs f (k) where k is the number of vertices built before
vi and adjacent to vi. So in the case of the four-vertex square, if we build the
vertices with permutation {green,red,blue,black}, the total cost of this graph
is f (0)+ f (1)+ f (1)+ f (2); but if the permutation is {green,blue,red,black},
the cost is changed to f (0)+ f (0)+ f (2)+ f (2). Which permutation gives a
cheaper cost? How about other graphs? Is there a patterned way to build an
arbitrary graph to obtain the cheapest installing cost?

In this paper, we consider a graph-theoretic optimization problem introduced
by Novikoff in his study of the Concept Reinforcement Problem. We will use
standard terminology and notations from graph theory as found in Bonin’s
Introduction to Graph Theory [2].

Novikoff’s thesis gives an introduction to our problem discussed in this paper.
He showed that for arbitrary cost functions, the problem is computationally
intractable in general [1, Section 5.3.1]. However, for a linear cost function
f (k) = ak + b, the problem is simple: as described in [1, Section 5.3.2], the
optimal cost is am+bn where m is the number of edges and n is the number
of vertices in G, and it is achieved for any building order. This led Novikoff to
mention the Concept Reinforcement Problem, where he discusses what happens
when f is convex and decreasing, which is the case we consider in this paper.
One consequence of convexity that will be of great use to us is the following
formula: if b ≤ a−2 then

f (a)+ f (b)> f (a−1)+ f (b+1). (1. A)
Novikoff applies this formula in the case of two adjacent vertices that are built
consecutively, where the first vertex gives a cost of f (a) and the second vertex
gives a cost of f (b) such that b ≤ a−2; in this case, it will be cheaper to switch
the order of these vertices in this permutation. Once these vertices are switched,
Novikoff remarks that the costs become f (a−1) and f (b+1), since the earlier
vertex would have lost an already built neighbor. Then, the cost of the two
vertices combined would be cheaper than before due to convexity, while the
cost of all other vertices would be unchanged.

Our problem is to find the cheapest permutation of a graph, using inequality
1. A to analyze different families of graphs. Some families of graphs we will
explore include graphs on less than five vertices, trees, cycles, wheels, and some
bipartite graphs.
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1.1 Our Results
Since there are not many simple connected graphs with one, two, three, or four
vertices, we list all graphs and all possible cost expressions for each graph in
Section 2, and we compare their costs to find the optimal cost. In this paper, we
also check and prove the optimal cost for paths, stars (which are two kinds of
trees), general trees, cycles, wheels, and some bipartite graphs including ladder
graphs, grid graphs, and complete bipartite graphs.

In Section 3, we consider trees with n vertices, including paths (Section 3.1),
stars Section 3.2, and general trees Section 3.3. We show that the cheapest cost
for a tree is f (0)+(n−1) f (1), which we get when we first build an arbitrary
vertex and then keep building vertices that have a neighbor already built.

For cycles with n vertices, we build an arbitrary vertex first and then keep
building vertices that have a neighbor already built. Then we achieve the
cheapest cost f (0)+(n−2) f (1)+ f (2), as shown in Section 4.

For wheels with n vertices, we show in Section 5 that the cheapest cost is
f (0)+ f (1)+(n−3) f (2)+ f (3). We can get this cost when we start by building
two vertices, where one of them must be the central vertex and the other is
arbitrary. Then we keep building the other vertices such that each of them have
at least two pre-existing neighbors.

In Section 6, we look at bipartite graphs, focusing on ladder graphs, grid
graphs, and complete bipartite graphs. The ladder graph Ln is formed by taking
two paths of n vertices and connecting corresponding vertices by an edge, as
illustrated in Figure 1. In Section 6.1, we prove that the optimal cost for Ln is
f (0)+n f (1)+(n−1) f (2), which can be achieved when we first build the vertices
of one path in order, then build the vertices of the other path in order. Then in
Section 6.2, we generalize this for the cheapest cost of a grid graph Gm×n. Similar
to the construction of the ladder graph, we conclude that the cheapest cost for
the graph Gm×n with mn vertices is f (0)+(m+n−2) f (1)+(mn−m−n+1) f (2).
In Section 6.3, we show that for a complete bipartite graph Km,n where n ≤ m,
the optimal cost is f (0)+ 2[ f (1)+ f (2)+ · · ·+ f (n− 1)]+ (m− n+ 1) f (n). To
accomplish this, we alternate between the two vertex sets until all vertices in
one set are built, and then build any remaining vertices.

We mainly use the inequality 1. A to prove these results. In some proofs, we also
use the fact that the sum of all inputs of the cost function for a graph is equal
to the number of edges of the whole graph. Take the four-vertex cycle above as
an example. Its two possible cost expressions are f (0)+ f (1)+ f (1)+ f (2) and
f (0)+ f (0)+ f (2)+ f (2). The sum of the inputs 0+1+1+2 = 0+0+2+2 = 4
is the number of edges in this four-vertex cycle.
Lemma 0.1. For any graph G, for any order on the vertices, the sum of the
inputs to the cost function when building G is the number of edges of G.

Proof. Each input of the cost function of a vertex v is the number of its neighbors
built previously, and each of these neighbors is connected by exactly one edge
to the vertex v. Thus, when we sum the inputs, each edge is counted exactly
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once, for the second of its endpoints that we build. Therefore, the sum of all
inputs is the total number of edges.

2 Simple connected graphs with fewer than five
vertices

Obviously, there is only one possible cost for n = 1 and n = 2. When n = 1, the
cost is f (0), and when n = 2, the cost is f (0)+ f (1).
When n = 3, the graph can be the path or the cycle . For the
cycle, since each vertex is adjacent to all of other vertices, the cost can only be
f (0)+ f (1)+ f (2). For the path, when we pick one of these three vertices as our
first vertex, it is either (1) one of the leaves, or (2) the central vertex, and the
cost of this vertex is f (0) because no vertex has been built before. If the first
vertex we build is one of the leaves (case (1)), the second vertex can either be (a)
the central vertex or (b) the other leaf. If the central vertex is the second vertex,
its cost is f (1), and the cost for the path is f (0)+ f (1)+ f (1) for case (1a). If
the second vertex is another leaf, its cost is f (0) because it is not adjacent to
the first built leaf, then the cost of the central vertex is f (2). So the cost in case
(1b) is f (0)+ f (0)+ f (2). In the case (2), when the central vertex is our first
vertex, the cost is f (0)+ f (1)+ f (1) because it is the same no matter which
leaf is our second vertex. Therefore, there are two possible costs for the path:
Cost1 = f (0)+ f (1)+ f (1) and Cost2 = f (0)+ f (0)+ f (2). By the convexity of
f , since we have 0 ≤ 2−2, we get the inequality f (1)+ f (1)< f (0)+ f (2), so
cost1 < cost2.
When n = 4, there are six different simple connected graphs [3]. We will discuss
them separately below. Since we can pick any of four vertices to be the first
vertex, any of the remaining three to be the second, and either of the remaining
two to be the third one, for each graph with four vertices, there are 4! = 24
orders to build it. However, depending on the different properties of the graph,
such as its symmetries or its greatest degree, each graph does not give 24 distinct
cases.
The first graph discuss is the path G1 = . The cost of the first vertex
in any permutation is f (0), so the first term in any expression is f (0). Since
the second vertex can either be a vertex that is not adjacent to the first or be a
vertex adjacent, the cost of the second term can be f (0) or f (1). If the first two
are not adjacent, the third vertex has to be adjacent to at least one of them, so
the cost is either f (1) or f (2). After knowing the first three vertices, the cost
of the fourth vertex is also decided, and it is the other of f (1) and f (2). If the
first two vertices are adjacent, the cost of the third vertex can be f (0), when
the first two are not the central ones and the third is the degree-one vertex that
is none of the first two (and in this case the fourth vertex costs f (2)), or f (1)
(and in this case the fourth vertex costs f (1)). So there are only four possible
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cost expressions for G1:

f (0)+


f (0)+

{
f (1)+ f (2) (2. B)
f (2)+ f (1) (2. C)

f (1)+
{

f (0)+ f (2) (2. D)
f (1)+ f (1) (2. E)

Since the value of the first three are equal, we only need to compare one of
these expressions and the expression 2. E. By the inequality 1. A, we have the
inequality f (a)+ f (b)> f (a−1)+ f (b+1) for all b ≤ a−2. Since 0 ≤ 2−2, we
have that f (0)+ f (2)> f (1)+ f (1). Therefore, the term 2. E is the cheapest
cost for the graph G1.
By a similar case-analysis, the possible costs of the graph G2 = (discussed
in the introduction) are

f (0)+
{

f (0)+ f (2)+ f (2) (2. F)
f (1)+ f (1)+ f (2) (2. G)

Using the inequality f (a)+ f (b)≥ f (a−1)+ f (b+1) for all b ≤ a−2, we have
f (0)+ f (2)> f (1)+ f (1). Therefore, the term 2. G is cheaper than the term 2.
F.
There are three fundamentally different orders in which to build the graph
G3 = . Their costs are

f (0)+


f (0)+ f (2)+ f (3) (2. H)

f (1)+
{

f (1)+ f (3) (2. I)
f (2)+ f (2) (2. J)

Invoking inequality 1. A, and that 0 ≤ 3−2 and 1 ≤ 3−2, we get
f (0)+ f (3)> f (1)+ f (2) (2. K)

and
f (1)+ f (3)> f (2)+ f (2). (2. L)

Adding f (0)+ f (2) to the both sides of the inequality 2. K, we have that the
term 2. H is greater than the term 2. J. Similarly, adding f (0)+ f (1) to both
sides of the inequality 2. L, we get that term 2. I is greater than term 2. J.
Therefore, the term 2. J is the cheapest one for the graph G3.
Let G4 be the graph . The cost can be

f (0)+


f (0)+

{
f (1)+ f (3) (2. M)
f (2)+ f (2) (2. N)

f (1)+


f (0)+ f (3) (2. O)
f (1)+ f (2) (2. P)
f (2)+ f (1) (2. Q)

The term 2. P is equal to the term 2. Q, and the term 2. M is equal to the
term 2. O. Compare the term 2. M and the term 2. N, using the inequality 1.
A, since f (1)+ f (3)> f (2)+ f (2), we get that the term 2. N is less than the
term 2. M. Similarly, we have f (0)+ f (2)> f (1)+ f (1) by the inequality 1. A.
Adding f (0)+ f (2) to both sides, we can get that the terms 2. P and 2. Q are
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the cheapest cost for G4.
Let G5 denote the star . The possible costs are

f (0)+

 f (0)+
{

f (0)+ f (3) (2. R)
f (2)+ f (1) (2. S)

f (1)+ f (1)+ f (1) (2. T)
As above, we have f (0)+ f (2)> f (1)+(1). So the term 2. S is greater than the
term 2. T. Since f (0)+ f (3)> f (2)+ f (1), we get the term 2. R is greater than
the term 2. S. Thus, the term 2. R is greater than the term 2. T. In conclusion,
the term 2. T is the cheapest one for G5.
Let G6 be the graph . The cost for G6 is f (0)+ f (1)+ f (2)+ f (3) in any
order.
In this section for graphs on 4 vertices or fewer, we use the brute-force approach
to find the cheapest order to build the graphs. Our reasoning for this is that
once we start to look at graphs on vertices of 5 or more, the number of connected
graphs increase drastically. For example, the number of connected graphs on
5 vertices is 21, and the number of connected graphs on 6 vertices is 112. If
we jump to 7 vertices, there are 853 possible connected graphs [4]. Although
these graphs would be interesting to study, this section only analyzes graphs
up to 4 vertices for simplicity’s sake. However, we will look at graphs on 5
and 6 vertices later in this paper, in Section 7, using a computer to do a cost
analysis. In later sections, we also discuss cheapest orders for infinite families
of graphs.
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3 Trees
Trees are graphs where any two vertices are connected by exactly one path,
wherein there are no cycles. In this section, we start with simplest form of trees
such as paths and stars. Then we move on to the case of general trees.
3.1 Paths
A path is an alternating sequence of vertices and edges with no repeating
vertices. Thus, all vertices in a path will have degree two except the first and
last vertex, which will have degree one.
Theorem 1. The cost f (0)+ f (1)+ f (1)+ · · ·+ f (1) is the cheapest cost for a
path.

Proof. If we start to build a path from one leaf and every vertex we build next
is the vertex next to the vertex we built before, then we end by building the
other leaf. This proves that the cost f (0)+ f (1)+ · · ·+ f (1) is achievable.
In general, the degree of any vertex in a connected path is either 1 or 2, so the
input of a cost function for a vertex is at most 2. The first vertex v1 that is
built will always cost f (0). After the first vertex, if we build a new isolated
vertex v2, that would add an f (0) to the cost expression. Then, there has to
be another vertex, built later, between these two vertices and adjacent to two
vertices built before in order to create a path from v1 to v2. So this vertex costs
f (2).

v1 v2

After forming this path, we assign another isolated vertex, v3. Again, there
must be a vertex, in the later construction, between v2 and v3 that connects
both to make a path.

v1 v2 v3

The first vertex, v1 has cost f (0), but whenever there is another f (0), there
also must be an f (2) in the later part of the expression. Thus, the general
expression is equal to

f (0)+ k[ f (0)+ f (2)]+m f (1)
where 0 ≤ k ≤ (n− 1)/2 when n is odd or 0 ≤ k ≤ (n− 2)/2 when n is even,
and m = n− (2k + 1). Now, we can use the inequality 1. A to compare 0
and 2 with the inputs 1 and 1. Since f (0)+ f (2) > f (1)+ f (1), we see that
f (0)+ f (1)+ f (1)+ · · ·+ f (1) is the cheapest cost for a path.

3.2 Stars
A star is a tree that has one vertex with degree n−1 and all other vertices have
degree one.
Theorem 2. The cost f (0)+ f (1)+ · · ·+ f (1) is a cheapest cost for a star.

Proof. We can first pick either the central vertex or a non-central vertex, and
the cost of this vertex is f (0). If the central vertex is our first vertex, we get our
expression f (0)+ f (1)+ · · ·+ f (1). In the case when a non-central vertex is the
first vertex, the cost of a non-central vertex before the central vertex is f (0), the
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cost of the central vertex is f (m) where m is the number of vertices built before
the central vertex, and the cost of any vertex after the central vertex is f (1).
For example, if a non-central vertex is the first vertex, and it is followed by the
central vertex, then the expression will be f (0)+ f (1)+ · · ·+ f (1). Therefore,
the general expression for a star with n vertices in this case is

Costn-star(m) = f (0)+ · · ·+ f (0)︸ ︷︷ ︸
m

+ f (m)+ f (1)+ · · ·+ f (1)︸ ︷︷ ︸
n−(m+1)

Thus, we have Thus, we have
Costn-star(i) = f (0)+ · · ·+ f (0)︸ ︷︷ ︸

i

+ f (i)+ f (1)+ · · ·+ f (1)︸ ︷︷ ︸
n−(i+1)

= f (0)+ · · ·+ f (0)︸ ︷︷ ︸
i

+ f (i)+ f (1)+ f (1)+ · · ·+ f (1)︸ ︷︷ ︸
n−(i+2)

.

and
Costn-star(i+1) = f (0)+ · · ·+ f (0)︸ ︷︷ ︸

i+1

+ f (i+1)+ f (1)+ · · ·+ f (1)︸ ︷︷ ︸
n−(i+2)

= f (0)+ · · ·+ f (0)︸ ︷︷ ︸
i

+ f (0)+ f (i+1)+ f (1)+ · · ·+ f (1)︸ ︷︷ ︸
n−(i+2)

.

where 1 ≤ i ≤ n−2. By inequality 1. A, we get that that f (1)+ f (i)< f (0)+
f (i+ 1) when 0 ≤ (i+ 1)− 2, i.e., when i ≥ 1. So n-star(i) <n-star (i+ 1) for all
1 ≤ i ≤ n− 2. Thus, the expression n-star(1) = f (0)+ f (1)+ · · ·+ f (1) is the
cheapest cost for a star.

3.3 General Trees
Since trees are quite complicated, we start by finding a general cost expression
for building trees in any order. Then, we minimize this cost using inequality 1.
A repeatedly to find the order for the cheapest cost.

a
b c

d e
f

S5

Lemma 2.1. For any tree T and any order of its vertices, the cost is

f (0)+
d

∑
i=1

ai[(i−1) f (0)+ f (i)]

for some nonnegative integers ai, where d is the maximum vertex degree of T .
Example 2.1. Take the graph S5 shown above as an example. If we build the
star in the order {a,b,c,d,e, f}, the cost will be f (0)+5 f (1). In this case, a1 = 5
and ai = 0 for i = 2, · · · ,5. If we build the star in the order {b,c,e,a,d, f}, the
cost will be 3 f (0)+2 f (1)+ f (3) = f (0)+2[0 · f (0)+ f (1)]+2 f (0)+ f (3) where
a1 = 2, a3 = 1 and a2 = a4 = a5 = 0.

Proof of Lemma 2.1. Fix an n-vertex tree T and some permutation of its ver-
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tices, and let ai be the number of vertices that cost f (i). Thus, we have
∑

d
i=0 ai = n, and the cost for the tree is a0 f (0)+a1 f (1)+ · · ·+ad f (d), where d is

the greatest degree of the tree. By Lemma 0.1, we have a0 ·0+∑
d
i=1 ai · i = |E|.

Since |E| = |V | − 1 = n− 1 in a tree, by the Handshaking Lemma, we have
a0 · 0+∑

d
i=1 ai · i = ∑

d
i=1 ai · i = n− 1, so n = 1+∑

d
i=1 ai · i. Since ∑

d
i=0 ai = n, we

have

a0 = n−
d

∑
i=1

ai

= 1+
d

∑
i=1

ai · i−
d

∑
i=1

ai

= 1+
d

∑
i=1

ai · (i−1).

Therefore, the cost of the tree is

a0 f (0)+a1 f (1)+ · · ·+ad f (d) =

[
1+

d

∑
i=1

ai · (i−1)

]
f (0)+

d

∑
i=1

ai f (i)

= f (0)+
d

∑
i=1

ai · (i−1) f (0)+
d

∑
i=1

ai f (i)

= f (0)+
d

∑
i=1

ai [(i−1) f (0)+ f (i)] .

Lemma 2.2. A graph G has an order with cost f (0)+ f (1)+ f (1)+ · · ·+ f (1)
if and only if G is a tree.

Proof. First assume that G is a tree. We pick an arbitrary vertex, costing f (0),
to be our first vertex. After this, if we continue choosing to build vertices that
already have a neighbor built, then the cost of each of these vertex is f (1). So
the total cost is f (0)+ f (1)+ f (1)+ · · ·+ f (1). Next, assume that the graph G
has a permutation with cost f (0)+ f (1)+ f (1)+ · · ·+ f (1). To prove G is a tree,
we need to prove (i) G is connected, and (ii) G has no cycles. Since there is only
one f (0), the graph G has to be connected, as the number of f (0) is at least the
number of components. If G has a cycle, then the last vertex of the cycle to be
build will cost f (k) with k ≥ 2. But there is no f (2) in the cost expression, so
G is acyclic. Since G is a connected acyclic graph, we have that G is a tree.

Theorem 3. The cost f (0)+ f (1)+ · · ·+ f (1) is a cheapest cost for any tree.

Proof. By Lemma 2.2, for any tree we can achieve the cost expression f (0)+
f (1)+ · · ·+ f (1). From Lemma 2.1, we know that the cost for an arbitrary
order of a tree is f (0)+∑

d
i=1 ai[(i− 1) f (0)+ f (i)]. Using inequality 1. A, our

strategy is to minimize the expression by repeatedly replacing expressions of
the form f (0)+ f (a) with f (1)+ f (a−1). We continue taking away f (0)s and
implementing this substitution until all f (0)s are exhausted. Indeed, for each
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term (i−1) f (0)+ f (i) where i ≥ 2, we get
f (0)+ f (0)+ · · ·+ f (0)︸ ︷︷ ︸

i−1

+ f (i) = f (0)+ f (0)+ · · ·+ f (0)︸ ︷︷ ︸
i−2

+ f (0)+ f (i)

> f (0)+ f (0)+ · · ·+ f (0)︸ ︷︷ ︸
i−2

+ f (1)+ f (i−1)

= f (0)+ f (0)+ · · ·+ f (0)︸ ︷︷ ︸
i−3

+ f (0)+ f (i−1)+ f (1)

> f (0)+ f (0)+ · · ·+ f (0)︸ ︷︷ ︸
i−3

+ f (1)+ f (i−2)+ f (1)

...
> f (0)+ f (1)+ f (2)+ f (1)+ · · ·+ f (1)︸ ︷︷ ︸

i−3

> f (1)+ f (1)+ f (1)+ f (1)+ · · ·+ f (1)︸ ︷︷ ︸
i−3

= f (1)+ · · ·+ f (1).
Therefore, for each ai[(i−1) f (0)+ f (i)] where 1 ≤ i ≤ d, we have ai[(i−1) f (0)+
f (i)]> ai · i · f (1). Since ∑

d
i=1 ai · i = n−1, we conclude that the cost f (0)+ f (1)+

· · ·+ f (1) is a cheapest cost for a tree.

4 Cycles
In Section 2, we computed costs for all 3-vertex and 4-vertex graphs. For the
3-vertex cycle , every permutation gives the cost expression f (0)+ f (1)+

f (2), while for the four-cycle , the two possible cost expressions are

f (0)+
{

f (0)+ f (2)+ f (2)
f (1)+ f (1)+ f (2).

Using inequality 1. A, we were able to compare different build orders to find
that the cheapest cost is f (0)+ f (1)+ f (1)+ f (2). We can use this framework
to find the cheapest cost expression for cycles of any length.
Theorem 4. The cost f (0)+ f (1)+ f (1)+ · · ·+ f (1)+ f (2) is the cheapest for
a cycle.

Proof. We can achieve this if we build a cycle clockwise or counterclockwise
and each vertex built next is a neighbor of the vertex built before. Now we
show that it is minimal.
As in each example above, the cost expression of a cycle starts with the first
isolated vertex resulting in f (0). Also, each expression of a cycle has at least
one f (2): by definition, every vertex in a cycle has degree 2, and therefore the
last vertex will always have two neighbors already built, resulting in the last
f (2) in the expression.
After building the first vertex s, we can either build an adjacent vertex costing
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f (1) or build an isolated vertex. But whenever we build another isolated vertex,
v, costing f (0), this isolated vertex will be in a part that is not connected to the
first vertex. Thus, when we build other vertices later, there is a "connecting"
vertex, u, connecting the part where the first vertex s is to the isolated part
where the vertex v is. So in a later term of the expression, there is an f (2) for
the vertex u. An example is below. The vertex u connects the two green parts
where s and v separately are.

s

v

→

s

v

u

This continues similarly when we build other new isolated vertices: each f (0)
corresponds to creating a new component, and each f (2) (other than the
last vertex) corresponds to merging two components. Thus, the general cost
expression of a cycle with n vertices is

m[ f (0)+ f (2)]+(n−2m) f (1)
where 1 ≤ m ≤

⌊ n
2

⌋
. This general formula allows us to use inequality 1. A in the

form f (0)+ f (2)> f (1)+ f (1) to reduce m by 1 while making the cost smaller.
Therefore, the cost f (0)+ f (1)+ f (1)+ · · ·+ f (1)+ f (2) is the cheapest cost for
a cycle.

5 Wheels
As described in [2], a wheel with n vertices is formed from a cycle Cn−1 (called
the rim) by adding a vertex (called the hub) and, for each vertex in the rim, an
edge that is incident with that vertex and the hub. Some examples of wheels
are as follows:

Some properties of wheels include that all vertices besides the central vertex
have degree 3 and the central vertex has degree n−1.
Lemma 4.1. The general cost expression of a wheel is

a f (0)+b f (1)+ c f (2)+ f (a+b+ c)+(a− c) f (3)+ k[ f (1)+ f (3)]+ ` f (2)
where a, b, c, k, l are nonnegative integers such that ` = n− (2a+b+1+2k)
and either a = b = c = 0, or a = c and a+b+ c = n−1 and k = 0, or c ≤ a−1.

Proof. In the case where we build the hub first, we see by the proof of Theorem 4
that the resulting cost will be f (0)+ k[ f (1)+ f (3)]+ (n− 1− 2k) f (2) where k
and n−1−2k are nonnegative integers, and this is exactly the case a = b = c = 0
of the claim.
Similarly, in the case where we build the hub last, we see from the proof of
Theorem 4 that the resulting cost will be a[ f (0)+ f (2)]+(n−1−2a) f (1)+ f (n−
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1), which is exactly the case a = c and a+b+ c = n−1 and k = 0 of the claim.
Now consider the case that we do not build the hub first or last.
Let us divide the target expression into two parts: (i) a f (0)+ b f (1)+ c f (2)
which will represent the cost before we build the hub, and (ii) f (a+ b+ c)+
(a− c) f (3)+ k[ f (1)+ f (3)]+ ` f (2) which will represent the cost of the part of
the graph that we build after the hub (including the cost of the hub itself).
For the first part, let i = a+b+ c be the number of vertices that we build on
the rim before we build the hub. The cost of each of these vertices is either
f (0), f (1), or f (2). Let a be the number of these vertices that cost f (0), let b
be the number that cost f (1), and let c be the number that cost f (2). At this
stage, a vertex costing f (2) is only built when it joins two components, each of
which was started by a vertex that cost f (0), so c ≤ a−1.

Then build the hub, which has i neighbors on the rim and so costs f (i). As we
complete the rim, there must be m = a− c vertices that join rim components
that were built before the hub, and these all cost f (3); moreover, each time
we create a new rim component (at a cost f (1)), we are forced later to merge
two rim components (at a cost f (3)). Let the number of times we do that be
k, accounting for 2k vertices. Each of the other `= n− (i+1+m+2k) vertices
not already accounted for is built on the rim with one rim neighbor and the
hub as a neighbor, and so costs f (2). Every vertex falls into one of these cases;
substituting m = a− c and i = a+b+ c where needed completes the proof.

Theorem 5. The cheapest cost for the wheel with n vertices is f (0)+ f (1)+
(n−3) f (2)+ f (3).

Proof. First we show that this value is achievable. We pick the central vertex
first, with cost f (0). Then we build vertices consecutively around the cycle.
The cost of the first vertex on the cycle in this order is f (1), and the cost of the
last vertex (which closes the wheel) is f (3). Each other vertex is adjacent to the
central vertex and the one built immediately before it, so has cost f (2). Therefore
the cost expression under this construction is f (0)+ f (1)+(n−3) f (2)+ f (3).
We can also get this cost expression if one vertex on the wheel is built first and
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the central vertex is built second. We claim this cost expression is the cheapest
cost for the wheel.
Now consider an arbitrary order, with cost given by Lemma 4.1. By the
inequality 1. A, we have f (1) + f (3) > 2 f (2) and f (0) + f (2) > 2 f (1). By
applying the first of these inequalities k+(a− c−1) times and the second one
a−1 times, we get

a f (0)+b f (1)+ c f (2)+ f (a+b+ c)+(a− c) f (3)+
+(n−2a−b−1−2k) f (2)+ k[ f (1)+ f (3)]

> f (0)+(a+b+ c−1) f (1)+(n−a−b− c−2) f (2)+ f (a+b+ c)+ f (3).
(5. U)

If a+b+ c = 1 or 2, this is exactly the inequality we claimed. Suppose instead
that a+ b+ c ≥ 3, and let us deal first with the sum of the second and the
fourth terms (a+ b+ c− 1) f (1) + f (a+ b+ c). By the inequality 1. A, we
get f (1) + f (i) > f (2) + f (i− 1) for all i ≥ 3. We keep pairing one copy of
f (1) with the extra term, applying the inequality f (1) + f (a+ b+ c− k) >
f (2)+ f (a+ b+ c− k− 1) for k = 0,1, · · · ,a+ b+ c− 3. Thus, for a+ b+ c ≥ 3,
we have the inequalities

(a+b+ c−1) f (1)+ f (a+b+ c)

> f (1)+(a+b+ c−2) f (2)
+ f (a+b+ c− (a+b+ c−2))
= f (1)+(a+b+ c−1) f (2).

(5. V)

Combining the inequalities (5. V) and (5. U), we have that, for a+b+ c ≥ 3,
the general cost expression from Lemma 4.1 is larger than

[ f (0)+(n−a−b− c−2) f (2)+ f (3)]+ [ f (1)+(a+b+ c−1) f (2)]
= f (0)+ f (1)+(n−3) f (2)+ f (3).

Therefore, since we also have the same inequality for a+b+ c < 3, we conclude
that the cheapest cost for the wheel is f (0)+ f (1)+(n−3) f (2)+ f (3), as claimed.
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6 Ladder Graphs, Grid Graphs, and Complete
Bipartite Graphs
In this section, we consider three families of bipartite graphs: the ladder graphs,
the general grid graphs, and the complete bipartite graphs.
6.1 Ladder Graphs
A ladder graph is formed by taking two paths of the same length and connecting
corresponding vertices by an edge. Thus, when drawn in the plane, the ladder
graph Ln looks like n−1 "boxes" stacked on top of each other, and has 2n vertices
and 3n−2 edges. Some examples of ladders are shown in Figure 1.

L1 L2 L3 L4

Figure 1: Small ladder graphs

Lemma 5.1. The general cost expression for the ladder graph Ln is
a f (0)+b f (1)+ c(2)+d f (3), (6. W)

where a,b,c,d are nonnegative integers such that a+b+c+d = 2n, b+2c+3d =
3n−2, and 1 ≤ a ≤ n.

Proof. Obviously, we have a+ b+ c+ d = 2n since there are 2n vertices. By
Lemma 0.1, we get a ·0+b ·1+c ·2+d ·3 = 3n−2, i.e., b+2c+3d = 3n−2. The
cost of the first vertex built is always f (0) so a is at least 1. For any graph
and any order of the vertices, the vertices of cost f (0) form an independent set
in the graph. Since the largest independent set in Ln has size n, we get that
1 ≤ a ≤ n.

Theorem 6. The cheapest cost for the ladder graph Ln is f (0)+n f (1)+(n−
1) f (2).

Proof. We start to build either the left or the right vertex of the top row of the
ladder Ln, and its cost is f (0). Then keep building a vertex that is one row lower
and adjacent to the last vertex until the last row, and then build the vertex that
is adjacent to the last vertex, and the cost of each is f (1). We build the remaining
vertices consecutively all the way up, and each costs f (2). So the cost expression
is f (0)+n f (1)+(n−1) f (2). We claim that this expression is a cheapest cost for
the ladder graph Ln. Since we have a+b+ c+d = 2n, we get b+ c+d = 2n−a.

We can rewrite
{

b+ c+d = 2n−a
b+2c+3d = 3n−2

as
{

c = n−2d +a−2
b = n+d −2a+2

. Plugging

these in the general cost expression (6. W) for Ln, we get that the cost of any
order is of the form a f (0)+(n+d−2a+2) f (1)+(n−2d+a−2) f (2)+d f (3). By
the inequality 1. A, we have f (0)+ f (3)> f (1)+ f (2) and f (1)+ f (3)> 2 f (2).
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Applying these to the general cost expression, we get inequalities
a f (0)+(n+d −2a+2) f (1)+(n−2d +a−2) f (2)+d f (3)
> f (0)+(n+d −2a+2) f (1)+(n−2d +a−2) f (2)+(d −a+1) f (3)

+(a−1) f (1)+(a−1) f (2)
> f (0)+n f (1)+(n−2d +2a−3) f (2)+2(d −a+1) f (2)
= f (0)+n f (1)+(n−1) f (2).

Therefore, f (0)+n f (1)+(n−1) f (2) gives us the cheapest cost.

6.2 Grid Graphs
For the grid graph Gm×n, m is the number of rows and n is the number of columns,
so there are mn vertices and (m−1)n+m(n−1) = 2mn−m−n edges. Since the
highest degree for a grid graph is 4, the largest possible input for the function f is
4. Thus, the cost expression for the Gm×n is a f (0)+b(1)+c f (2)+d f (3)+e f (4),
where we have a+b+ c+d + e = mn and b+2c+3d +4e = 2mn−m−n. Here
are some examples of grid graphs:

G3×2 G3×3

G4×3

Theorem 7. The cheapest cost for the grid graph Gm×n is f (0)+ (m+ n−
2) f (1)+(mn−m−n+1) f (2).

Proof. First we show that this cost is achievable. If we start from the leftmost
vertex of top row, and then build down consecutively until the bottom row and
then build right consecutively until the last column; and we build second column
from the bottom to top, and keep doing that consecutively for the remaining
columns, we will get the cost expression f (0)+(m+n−2) f (1)+(mn−m−n+
1) f (2). It remains to show that this cost is optimal.

Solving the equations
{

a+b+ c+d + e = mn
b+2c+3d +4e = 2mn−m−n

for c and d gives{
d = 2a+b−2e−m−n
c = mn−3a−2b+ e+m+n

. (6. X)

An arbitrary cost expression for a grid graph Gm×n is a f (0)+b f (1)+ c f (2)+
d f (3)+ e f (4). Plugging 6. X into this expression, it becomes
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a f (0)+b f (1)+(mn−3a−2b+ e+m+n) f (2)
+(2a+b−2e−m−n) f (3)+ e f (4). (6. Y)

We split our analysis into two cases: (i) a+b−m−n+1 ≥ 0, and (ii) a+b−
m− n+ 1 < 0. The inequality 1. A gives f (2)+ f (4) > 2 f (3), f (0)+ f (3) >
f (1)+ f (2), and f (1)+ f (3) > 2 f (2). Thus, for the case (i), replacing e f (2)+
e f (4) with the cheaper 2e f (3) and (a− 1) f (0)+ (a− 1) f (3) with the cheaper
(a−1) f (1)+(a−1) f (2) in the cost expression 6. Y gives the relation

a f (0)+b f (1)+(mn−3a−2b+ e+m+n) f (2)
+(2a+b−2e−m−n) f (3)+ e f (4)

> f (0)+(a+b−1) f (1)+(mn−2a−2b+m+n−1) f (2)
+(a+b−m−n+1) f (3).

Since a+b−m−n+1 ≥ 0 in this case, replacing (a+b−m−n+1) f (1)+(a+b−
m−n+1) f (3) with the cheaper 2(a+b−m−n+1) f (2) in this last expression
gives

f (0)+(a+b−1) f (1)+(mn−2a−2b+m+n−1) f (2)
+(a+b−m−n+1) f (3)

> f (0)+(m+n−2) f (1)+(mn−2a−2b+m+n−1) f (2)
+2(a+b−m−n+1) f (2)

= f (0)+(m+n−2) f (1)+(mn−m−n+1) f (2).
For case (ii), when a+b−m−n+1 < 0, we have m+n−a−b−1 > 0. In this
case, replace e f (2)+ e f (4) with the cheaper 2e f (3) and then replace (2a+b−
m−n) f (0)+ (2a+b−m−n) f (3) with the cheaper (2a+b−m−n) f (1)+ (2a+
b−m−n) f (2); after that, replace (m+n−a−b−1) f (0)+(m+n−a−b−1) f (2)
with the cheaper 2(m+n−a−b−1) f (1). This gives

a f (0)+b f (1)+(mn−3a−2b+ e+m+n) f (2)+(2a+b−2e−m−n) f (3)+ e f (4)
>a f (0)+b f (1)+(mn−3a−2b+m+n) f (2)+(2a+b−m−n) f (3)
>(m+n−a−b) f (0)+(2a+2b−m−n) f (1)+(mn−a−b) f (2)
> f (0)+(m+n−2) f (1)+(mn−m−n+1) f (2).
Since the two cases are exhaustive and the inequality holds in both cases, our
claimed cost expression is optimal.

6.3 Complete Bipartite Graphs
A bipartite graph is a graph with two vertex sets, M and N, such that no
vertex in M is connected to another vertex in M, and similarly no vertex in
N is connected to another vertex in N. The complete bipartite graph Km,n is
characterized by the fact that M has size m, N has size n, and every vertex in
set M is connected to every vertex in set N. Thus, the degree of each vertex
in M is equal to n, and similarly, the degree for each vertex in N is equal to
m. Some complete bipartite graphs, denoted Kn,n, have the same number of
vertices in each set. Below are a few examples.
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Example 7.1.

K4,4 K4,2

K1,4, or a claw
It is important to note that Kn,m and Km,n are isomorphic, as illustrated in the
figure below, so that we can assume without loss of generality that m ≥ n.

K4,2 K2,4

Theorem 8. The cheapest cost of a complete bipartite graph Km,n, where m ≥ n,
is f (0)+2[ f (1)+ f (2)+ f (3)+ · · ·+ f (n−1)]+ (m−n+1) f (n), where m is the
number of vertices in the larger set and n is the number of vertices in the smaller
set.

Proof. Given a complete bipartite graph Km,n, consider the following special
kinds of permutations of the vertices: start by building a vertex in one of
the vertex sets, then the second vertex built must be from the other set.
The third vertex should be from the same set as the first vertex built. Con-
tinue building this complete bipartite graph by alternating between vertex
sets. Once the smaller set has been completed and all vertices in that set
are built, build the remaining vertices in the larger set in any order. We will
refer to this as "the zigzag way," and we represent these orders by the permu-
tations {M,N,M,N, · · · ,M,N,M,M, · · · ,M} and {N,M,N,M, · · · ,N,M,M, · · · ,M},
depending on which side we start on.
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Our claim is that these two are the cheapest ways to build Km,n. We ob-
serve that they both have cost f (0)+ 2[ f (1)+ f (2)+ · · ·+ f (n− 1)]+ (m− n+
1) f (n). We will prove that this is optimal by contradiction, starting with
the assumption that there is a cheaper non-zigzag way to build Km,n. Here
are some non-zigzag examples: {M,M,M,N,N,S}, {N,N,M,N,M,N,M,S}, and
{M,N,M,N, · · · ,M,M,M,N,M,N,S}, where S represents an arbitrary order of
whatever vertices remain. No matter the permutation, every non-zigzag per-
mutation belongs in one of these two cases: (i) there are two or more Ms built
consecutively before all Ns have been built, or (ii) there are two or more Ns
built consecutively.
We first prove that if two vertices from M are built consecutively before all
vertices from N have been built, then the permutation is not optimal. For
instance, take the permutation Y1 = {M,N,M,N, · · · ,M,N,M,M,N,S}, where
there are two Ms built together, followed by an N. Here, S is the rest of
the permutation after the change in pattern, and is arbitrary. Define a new
permutation Z1 = {M,N,M,N, · · · ,M,N,M,N,M,S} by switching the second of
the two consecutive Ms with the N after it. Note here that S remains the same,
thus the rest of the permutation is identical for both Y1 and Z1. Then, we have
that the cost expression for Y1 and Z1 respectively are

CostY1 = f (0)+2 f (1)+2 f (2)+ · · ·+2 f (b)

+ f (b)+ f (b+2)+CostS.

and
CostZ1 = f (0)+2 f (1)+2 f (2)+ · · ·+2 f (b)

+2 f (b+1)+CostS.

where b is the number of Ns before the two consecutive Ms in Y1. Since
f (b)+ f (b+2)> 2 f (b+1) by the inequality 1. A, we have CostY1 > CostZ1 .
More generally, suppose we have a permutation Yk that (after some zigzag
alternation) has a group of k+1 Ms built consecutively before the last N where
k ≥ 1. If Yk starts with M, then we can write it as

Yk = {M,N,M,N, · · · ,M,N,M,M, · · · ,M,︸ ︷︷ ︸
k

N,S}.

Then define
Zk = {M,N,M,N, · · · ,M,N,M,M, · · · ,M,︸ ︷︷ ︸

k−1

N,M,S}.

Their cost expressions are
CostYk = f (0)+2 f (1)+2 f (2)+ · · ·+2 f (b)

+ [k f (b)+ f (b+ k+1)]+CostS.

and
CostYk = f (0)+2 f (1)+2 f (2)+ · · ·+2 f (b)

+ [k f (b)+ f (b+ k+1)]+CostS.

Since f (b)+ f (b+ k+1)> f (b+1)+ f (b+ k) by inequality 1. A, we have that
k f (b)+ f (b+ k+1)> (k−1) f (b)+ f (b+1)+ f (b+ k), so that CostYk > CostZk ,
and therefore Yk is not optimal. The case that Yk begins with N is very similar,
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and we omit the details.
Now we prove that if two or more vertices from N are built consecutively, then
the permutation is not optimal. We choose some such permutation

Y k = {M,N,M,N, · · · ,M,N,N, · · · ,N,︸ ︷︷ ︸
k

M,S},

and its cost expression is
CostY k

= f (0)+2 f (1)+2 f (2)+ · · ·+2 f (b)

+ f (b+1)+ k f (b+1)+ f (b+ k+1)+CostS.

Then define the permutation
Zk = {M,N,M,N, · · · ,M,N,N, · · · ,N,︸ ︷︷ ︸

k−1

M,N,S},

whose cost expression is
CostZk

= f (0)+2 f (1)+2 f (2)+ · · ·+2 f (b)

+ f (b+1)+(k−1) f (b+1)+ f (b+ k)+ f (b+2)+CostS.

Since f (b+1)+ f (b+ k+1)> f (b+2)+ f (b+ k), we get CostY k
> CostZk

. The
case that Y k begins with N is again similar.
Now let Y be an optimal permutation. If Y is not a zigzag way, then we
have shown that there is another permutation Z which costs less than Y , a
contradiction. Therefore, the zigzag way is the cheapest permutation to build
the complete bipartite graph Km,n.

7 Cost Analysis for Graphs on Five Vertices and
Six Vertices
Now that we have analyzed various families of graphs to find the cheapest cost,
we can extend this paper to graphs that are not necessarily categorized into a
family, such as bipartite graphs or trees. Instead, we can look at all possible
connected graphs on five and six vertices, as well as the Petersen graph. As
discussed in Section 2, we know that there are 21 connected graphs on five
vertices and 112 connected graphs on six vertices. To explore these graphs, we
used an algorithm to compute the optimal degree sequence with the cheapest
cost of each graph on five and six vertices. We chose two positive, decreasing,
convex functions to analyze: f (x) = (1+ x)−1 and g(x) = 2−x.
Using the programming language Python and the package NetworkX, we first
found all possible permutations of the vertices for each graph on five or six
vertices. Then, we recorded the degree of every vertex in each permutation at
the time is was built. Finally, we collected this data and were able to compute
the costs for each permutation, outputting an array with the cheapest cost and
its optimal degree sequence. The code can be found below in Appendix A.
In this experiment, we observed that for all connected graphs on five and six
vertices, the cheapest cost was achieved with the same orders across both cost
functions. We see this by following the degreeswhenbuilt variable, which records
what orders the vertices must be built to attain the cheapest cost. Each graph
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had the same orders for degreeswhenbuilt, illustrating that for 5-vertex and
6-vertex graphs, the orders for their respective cheapest costs are the same. The
optimal degree sequences for finding the cheapest cost for each cost function on
five-vertex graphs are given in Table 1. Finally, we tested the Petersen graph
which has ten vertices, to see if it would present us with the same conclusion.
We found that for the Petersen graph, it was again true that the orders for the
cheapest costs using functions f and g were the same. This code can be used
in principle to see if the same conclusion holds for higher order graphs. Our
limitations included computer processing time, since it was able to quickly give
back data on five and six vertices, but not on higher order graphs.

8 Can we go further?/Future expectation
In every case we studied above, the optimal cost is achieved for a permutation in
which we never build a vertex that creates a new component. Thus, we conjecture
that, for any graph, to get the minimum cost, the optimal permutation must
be a connected order, i.e., we never start a new component. There are a lot of
families of simple connected graphs other than those considered in this paper,
and there are also graphs that are not simple connected. Thus, there are many
ways to extend this project and further discover more about cost effectively
building graphs. Here are some examples that seem particularly interesting.
Question 8.1. What are the optimal orders for building hypercube graphs?
Question 8.2. How does the question change for graphs that are not simple
(i.e., with loops or multiple edges allowed)? What about directed graphs (where
the cost to build v is f (k) where k is the number of vertices w such that w → v
is a directed edge in the graph)?
It might also be interesting to study whether finding optimal costs is easier in
special families of graphs, like Eulerian or Hamiltonian graphs.



46 BSU Mathematics Exchange, 18(1), Fall 2024, 26-50

Graph Optimal degrees
0,1,1,1,1

0,1,1,1,1

0,1,1,1,1

0,1,1,1,2

0,1,1,1,2

0,1,1,1,2

0,1,1,1,2

0,1,2,3,4

0,1,2,3,3

0,1,2,2,3

0,1,2,2,3
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Graph Optimal degrees

0,1,1,2,3

0,1,2,2,2

0,1,2,2,2

0,1,2,2,2

0,1,1,2,2

0,1,1,2,2

0,1,1,2,2

0,1,1,2,2

0,1,1,2,2

0,1,1,1,2

Table 1: This table shows every isomorphism class of connected graphs on 5
vertices and the cheapest order to build them.
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0 APPENDIX A. Python code
Below includes code specifically for star graphs, random trees, and complete
bipartite graphs. Each of them need to be commented out individually to see
the code executed. All connected graphs on five and six vertices need to be
built according to NetworkX commands found here https://networkx.org/
documentation/stable/tutorial.html.

import networkx as nx
import pandas as pd
from math import ∗
import numpy as np

# code f o r s t a r s
#v = 4
#G = nx . star_graph ( v )

# code f o r random t r e e s
#v = 4
#G = nx . random_tree ( v )

# code f o r complete b i p a r t i t e graphs
#n_1 = 4
#n_2 = 2
#nodes = l i s t ( range (0 ,n_1+n_2) )
#G = nx . complete_bipart ite_graph (n_1 , n_2 , create_us ing=None )

https://ecommons.cornell.edu/handle/1813/33956
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nodes = l i s t ( range (0 , v ) )
nx . draw (G, with_labe l s=True )

# Finds a l l p o s s i b l e o rde r s o f bu i l d i ng a graph with v
v e r t i c e s .
Source : https : //www. g e e k s f o r g e e k s . org / generate−a l l −the−
permutation−of−a−l i s t −in−python/

de f permutation ( l s t ) :
i f l en ( l s t ) == 0 :

re turn [ ]
i f l en ( l s t ) == 1 :

re turn [ l s t ]
l = [ ]
f o r i in range ( l en ( l s t ) ) :

m = l s t [ i ]
remLst = l s t [ : i ] + l s t [ i +1: ]
f o r p in permutation ( remLst ) :

l . append ( [m] + p)
re turn l

# Takes each permutation and computes the co s t us ing
two d i f f e r e n t f u n c t i o n s
( c o s t r e c i p r o c a l and co s t exp one n t i a l ) . Records the
degree o f each ver tex
( degreeswhenbui l t ) at the time i t i s b u i l t and puts
both the c o s t s and the
degreeswhenbui l t i n to t h e i r r e s p e c t i v e ar rays .

data = l i s t (G. nodes )
f l oa t_ l i s t_Rec = [ ]
f l oa t_l i s t_Ex = [ ]
array_rec ip =[ ]
array_exp =[ ]
f o r p in permutation ( data ) :

c o s t r e c i p r o c a l = 0
co s t expo nen t i a l = 0
degreeswhenbui l t = [ ]
d ictRec = {"A " : [ ] , " B " : [ ] }
f o r x in nodes :

H = G. subgraph ( [ p [ i ] f o r i in range (0 , x +1)])
d = l i s t (H. degree ( [ p [ x ] ] ) ) [ 0 ] [ 1 ]
degreeswhenbui l t . append (d)
c o s t r e c i p r o c a l += 1/(d+1)
co s t exp onen t i a l += 2∗∗(−d)
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i f x==v−1:
i f [ c o s t r e c i p r o c a l , s t r ( degreeswhenbui l t ) ]

not in array_rec ip :
array_rec ip . append ( [ c o s t r e c i p r o c a l ,

s t r ( degreeswhenbui l t ) ] )
i f [ c o s t exponent i a l , s t r ( degreeswhenbui l t ) ]
not in array_exp :

array_exp . append ( [ co s t exponent i a l ,

s t r ( degreeswhenbui l t ) ] )
f l oa t_ l i s t_Rec . append ( c o s t r e c i p r o c a l )
f l oa t_l i s t_Ex . append ( c o s t ex po n e n t i a l )

# Sort s v a l e s in ascending order .

array_rec ip . s o r t ( )
array_exp . s o r t ( )

p r i n t ( ' The minimum cos t us ing the r e c i p r o c a l co s t func t i on i s ' ,
min ( f l oa t_ l i s t_Rec ) , ' , and here i s the l i s t o f degree
sequences and c o s t s : ' )

p r i n t ( array_rec ip )
p r i n t ( )
p r i n t ( ' The minimum cos t us ing the exponent i a l co s t func t i on i s ' ,

min ( f l oa t_l i s t_Ex ) , ' , and here i s the l i s t o f degree
sequences and c o s t s : ' )

p r i n t ( array_exp )
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Abstract
The two-dimensional rook theory can be generalized to three and higher dimen-
sions by assuming that rooks attack along hyperplanes. Using this generalization,
Alayont and Krzywonos defined two separate families of boards in three and
higher dimensions generalizing the two-dimensional triangular boards whose
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chi numbers was shown to provide a new triangle generation of the Genocchi
numbers. In this paper, we prove similar triangle generations for the third and
fourth generalized Genocchi numbers using rook numbers of boards in four and
five dimensions.

1 Introduction
The theory of rook polynomials (in two dimensions) was developed to provide
a way of counting permutations with restricted positions. Consider a non-
attacking rook placement on a square board with restricted cells where each
row and column has one rook. This placement corresponds to a permutation σ

with restrictions by letting a rook placed in row i column j to mean σ(i) = j. In
other words, the permutation is obtained by reading the column numbers of the
rooks from top row to bottom. For example, the configuration of non-attacking
rooks shown in Fig. 1 corresponds to the permutation (132) in cycle notation,
or 312 in word notation. On this board, the restrictions for the permutations,
represented with the shaded cells, are σ(1) 6= 1,2 and σ(2) 6= 2.

1
1 2 3

3

2 ×
×

×

Figure 1: The rook placement corresponding to the permutation (132).

It is known that the numbers of ways to place non-attacking rooks on certain
families of boards correspond to well-known number sequences. One such
example is the family of triangular boards. The two-dimensional size 5 triangular
board is shown in Fig. 2. It is well known that the number of ways to place k
non-attacking rooks on a triangular board of size n corresponds to the Stirling
numbers of the second kind, S(n+1,n+1− k). Recall that the Stirling number
S(n,k) counts the number of ways to partition a set of n elements into k non-
empty subsets. We review the proof of this result in Section 2.

Figure 2: The size 5 triangular board in 2D.

The two-dimensional rook theory can be generalized to higher dimensions by
letting rooks attack along hyperplanes [9]. Using this generalization, the two-
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dimensional triangular boards were generalized to three and higher dimensions
in two different ways, yielding families of triangular boards and Genocchi
boards [1]. The numbers of ways to place k non-attacking rooks on the three-
dimensional triangular boards result in the central factorial numbers [1]. In four
and higher dimensions, k non-attacking rooks on the triangular boards generate
the generalized central factorial numbers [3]. In this paper, we focus on the
rook numbers of the Genocchi boards. Placing the maximum number of rooks
on the three-dimensional Genocchi boards corresponds to the (n+1)st unsigned
Genocchi numbers (of even index) 1,1,3,17,155,2073,38227,929569, . . ., and
hence the name Genocchi boards [1]. In higher dimensions, the resulting
sequence is the generalized Genocchi numbers [3].
Using the representation of the Genocchi numbers as the rook numbers of the
three-dimensional Genocchi boards and the recursive nature of these boards,
one obtains a combinatorial proof of a new recurrence relation for Genocchi
numbers [2]. This recurrence relation is different than the Seidel generation
or other triangles mentioned in [4, 6, 7]. This paper expands this recurrence
relation of rook numbers of Genocchi boards in three dimensions to four and
five dimensions, thus providing triangle generations of the third and fourth
generalized Genocchi numbers. Along with these recurrence relations, we will
describe how to visualize Genocchi boards in four and five dimensions.
In Section 2, we review the background material including the proof of the
triangle generation of the Genocchi numbers in [2] obtained by using rook
placements on Genocchi boards in three dimensions. We also include the
combinatorial interpretation of Genocchi numbers and the recurrence relation
using the rook representation. Then in Sections 3 and 5, we progress to
the proof of the recurrence relations of generalized Genocchi numbers using
Genocchi boards in four and five dimensions to obtain a triangle generation of
the generalization of Genocchi numbers.

2 Two and Three Dimensions
We follow the notation and terminology of rook theory as described in [1]. In
two dimensions, a board can be visualized as a collection of unit square cells
chosen from a large size chess board. Each cell can be represented as (i, j) where
i represents the row number (from top to bottom) and j represents the column
number (from left to right). Rooks placed on these boards can attack along
rows and columns. Therefore, a non-attacking placement of rooks on a board
means that no two rooks lie in the same row or column.
The two-dimensional triangular board of size n consists of ordered pairs (i, j)
with j ≤ i and 1 ≤ i ≤ n, as illustrated in Fig. 2. It is known that the number of
placements of k non-attacking rooks on the size n triangular board is equal to
S(n+1,n+1−k) where S(n,k) are the Stirling numbers of the second kind. The
proof of the relationship uses induction and the fact that the Stirling numbers
satisfy the recurrence relation

S(n,k) = S(n−1,k−1)+ kS(n−1,k)
with initial values S(n,1) = 1 and S(n,n) = 1. There are two cases of rook
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placements on the triangular board: one where there is no rook on the bottom
row and the other where there is a rook on the bottom row. If there is no rook on
the bottom row, the k rooks are placed on the top n−1 rows and, by induction,
there are S(n,n−k) such placements. If there is a rook on the bottom row, then
k−1 rooks must be placed on the top n−1 rows. Thus, there are S(n,n− k+1)
ways to place them. Once these rooks have been placed, the last rook will
have n− k+1 available cells. Therefore, there are (n− k+1)S(n,n− k+1) total
choices in this case. Adding the two cases yields S(n+ 1,n+ 1− k) using the
Stirling number recurrence relation, and, by induction, the claim holds for all n.
Using ideas similar to those in [9], the classical rook theory was generalized to
three and higher dimensions in [1] by letting rooks attack along hyperplanes
consisting of cells with one fixed coordinate. In three dimensions, the cells
are represented as triples (i, j,k) and a rook on this cell will attack cells of the
form (i,∗,∗),(∗, j,∗), and (∗,∗,k). We use wall, slab and layer to refer to the
plane of cells with the first, second and third coordinate fixed, respectively.
Hence, in three dimensions, rooks attack along walls, slabs and layers. Layers
are numbered from top to bottom, and in each fixed layer, the numbering of
rows and columns follows the same convention as in the two-dimensional case.
In [1], the two-dimensional triangular board was also generalized to three
dimensions to consist of the cells of the form (i, j,k) with 1 ≤ i, j ≤ k and
1 ≤ k ≤ n. The size 4 triangular board in three dimensions is pictured in Fig. 3.

Figure 3: A triangular board in 3D. Figure 4: A Genocchi board in 3D.

Notice that Figures 3 and 4 together form a complete size 5 three-dimensional
board. Using this relationship, it was shown in [1] that the number of non-
attacking placements of n rooks on a size n board as shown in Fig. 4 corresponds
to the (n+1)st unsigned Genocchi numbers of even index. Consequently, these
boards were named the Genocchi boards, denoted Γ

(3)
n for the dimension being

3. In terms of cell coordinates, Γ
(3)
n consists of triples of the form (i, j,k), where

1 ≤ i, j,k ≤ n and min{i, j} ≤ k.
In Fig. 4 showing a size 5 Genocchi board, we can see a smaller size 4 Genocchi
board if we remove the back wall and the left slab. Using this inclusion, we can
find a recurrence relation between the numbers of rook placements on size n
and n−1 Genocchi boards as described in the following theorem, proven in [2].
Theorem 1. Let rk(Γ

(3)
n ) denote the number of ways to place k non-attacking

rooks on Γ
(3)
n , the size n Genocchi board in three dimensions. Then rk(Γ

(3)
n )
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satisfies the recurrence relation
rk(Γ

(3)
n ) = rk(Γ

(3)
n−1)

+ rk−1(Γ
(3)
n−1)(2(n− k)+1)(n− k+1)

+ rk−2(Γ
(3)
n−1)(n− k+2)(n− k+1)3,

where rk(Γ
(3)
n ) = 0 for k < 0.

Below is an outline of the proof given in [2].

Proof. Note that Γ
(3)
n−1 can be realized inside Γ

(3)
n by removing the outside wall

(cells with i = 1) and slab (cells with j = 1). In terms of coordinates, we can
represent Γ

(3)
n−1 as

{(i, j,k) : 2 ≤ i, j,k ≤ n and min{i, j} ≤ k}.
This correspondence works by adding 1 to each coordinate of the triples (i, j,k)
in the usual representation of Γ

(3)
n−1, which is

Γ
(3)
n−1 = {(i, j,k) : 1 ≤ i, j,k ≤ n−1 and min{i, j} ≤ k}.

The k rook placements on Γ
(3)
n can then be split into three possible cases: 1) all k

rooks are placed on Γ
(3)
n−1 inside Γ

(3)
n , or 2) k−1 rooks are placed on Γ

(3)
n−1 and one

on the outside wall or slab, or 3) k−2 rooks are placed on Γ
(3)
n−1 and two on the

outside wall and slab, except on their intersection. The terms in the recurrence
relation correspond to each of these cases in order. The ri terms, rook numbers,
count the number of ways of placing i rooks on Γ

(3)
n−1. The factors multiplying

the rook numbers are the number of choices for placing the remaining one or
two rooks on the outside wall and/or slab. Once the majority of the rooks are
placed on the inside Γ

(3)
n−1, corresponding rows and columns are deleted from

the outside wall and slab, leaving us with a subset of cells that the remaining
one or two rooks can be placed. The number of such cells are counted by the
factors in front of ri terms in the recurrence relation.

From the proof, we notice that the recurrence relation holds due to the nature
of the difference Γ

(3)
n \Γ

(3)
n−1. Because this difference is composed of a full wall

and a slab, where the rooks are placed on Γ
(3)
n−1 does not affect the choices for

the remaining rooks. Also note that while this geometric proof works well in the
three-dimensional case and provides us the intuition to notice the existence of a
recurrence relation for the rook numbers of Γ

(3)
n and how to prove this relation,

it becomes challenging in higher dimensions. For this reason, we provide another
proof of Theorem 1 via a symbolic approach.

Proof. (Symbolic approach) Again, we consider three cases: 1) all k rooks are
placed on Γ

(3)
n−1 inside Γ

(3)
n , or 2) k−1 rooks are placed on Γ

(3)
n−1 and one on the

outside wall or slab, or 3) k−2 rooks are placed on Γ
(3)
n−1, two on the outside

wall and slab.
In the first case, there are rk(Γ

(3)
n−1) ways to place the rooks.

In the second case, we first place the k−1 rooks on Γ
(3)
n−1 in rk−1(Γ

(3)
n−1) ways. Then
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the last rook can be placed on the outside wall, cells of the form (1,∗,∗), or on the
outside slab, (∗,1,∗). However, the previous k−1 rooks make k−1 coordinates
ineligible in each of the free positions, leaving us with 2(n− k+1)2 − (n− k+1)
cells. We subtract n− k+ 1 cells of the form (1,1,∗) since they were double
counted. This number is exactly the coefficient of rk−1(Γ

(3)
n−1) in the recurrence

relation we want to show.
In the third case when k−2 rooks are on Γ

(3)
n−1, the two remaining rooks are

placed on the outside wall and slab. Since we cannot place both on the wall or
both on the slab, we must place one on the wall and one on the slab. For the
rook on the wall (1,∗,∗), we have (n− k+1)(n− k+2) choices. This is because
each of the previous k−2 rooks eliminates one coordinate in each position. We
also eliminate 1 from the second position since that would place the rook on the
intersection of the wall and the slab. For the rook on the slab (∗,1,∗), we have
(n− k+ 1) choices for each coordinate due to eliminations from the previous
k−1 rooks. Therefore, we have a total of (n− k+2)(n− k+1)3 choices for the
last two rooks, and this is the coefficient of rk−2(Γ

(3)
n−1) in the recurrence relation.

The sum of all cases yields the recurrence relation.

In the special case of k = n, this algebraic recurrence relation has a combinatorial
interpretation. In [3], rn(Γ

(3)
n ) are interpreted as pairs of permutations (π1,π2) of

n where π1(i)≤ i or π2(i)≤ i. This correspondence is obtained by generalizing the
permutation correspondence described in the Introduction. In three dimensions,
rooks are placed in cells (i, j,k). Suppose there are n rooks on Γ

(3)
n . Because of

the way rooks attack, this means there is exactly one rook per layer. If we order
the rook positions so that their last coordinate is increasing, then we obtain
two permutations by reading the first coordinates and the second coordinates.
In other words, π1(k) = i,π2(k) = j if the rook is in cell (i, j,k).
Since the permutation interpretation requires a rook in each layer, we will use
a modification of permutations to interpret rn−2(Γ

(3)
n−1) combinatorially. We use

partial permutations, specifically those with one hole, to account for the fact
that one layer will not have a rook [5]. A partial permutation of r with one hole
is a bijection between two size r−1 subsets of {1,2, . . . ,r}. It can be represented
as a string of r−1 distinct numbers chosen from 1 to r and ♦, representing the
hole. Using the same idea as when we placed n rooks on Γ

(3)
n , we can interpret

rn−2(Γ
(3)
n−1) as pairs (π1,π2) of partial permutations of n− 1 with one hole in

the same place so that π1(i)≤ i or π2(i)≤ i when i is not the hole. Then the
algebraic recurrence relation translates into a recurrence relation for the number
of pairs of permutations of n expressed in terms of the numbers of pairs of
permutations of n−1 and pairs of partial permutations of n−1 with one hole
in the same place, all pairs with the condition that π1(i)≤ i or π2(i)≤ i.
Using similar ideas as in the symbolic proof of Theorem 1, we will obtain
recurrence relations and their combinatorial interpretations for four and five
dimensions in the next two sections.
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3 Four Dimensions
The three-dimensional Genocchi boards were generalized to four and higher
dimensions in [3]. In four and higher dimensions, rooks attack along hyperplanes,
which consist of cells with one fixed coordinate. In four dimensions, we use
walls, slabs, layers and the time to indicate the hyperplanes of cells with
fixed 1st , 2nd , 3rd and 4th coordinates, respectively. The cells of Γ

(4)
n , the size

n four-dimensional Genocchi board, are tuples of the form (i, j,k, `), where
1 ≤ i, j,k, ` ≤ n and min{i, j,k} ≤ `. One way to visualize four dimensional
Genocchi boards is to look at the board at a fixed time, i.e. with fixed last
coordinate values. The size 3 Genocchi board in four dimensions is shown below,
with each piece representing a different time value.

Figure 5: Size 3 Genocchi board in four dimensions.
Note that for ease of visualization, in four dimensions, we number layers (k
coordinate) from bottom to top, and time (`) from left to right. Thus the
leftmost piece of the board above corresponds to cells (i, j,k, `) with `= 1 and i
or j or k = 1.
Similar to the recursive nature of the boards in two and three dimensions, Γ

(4)
n

includes the board Γ
(4)
n−1, identified as

Γ
(4)
n−1 = {(i, j,k, `) : 2 ≤ i, j,k, `≤ n and min{i, j,k} ≤ `}.

We remove the cells with coordinates i = 1, j = 1, or k = 1 from the larger
Genocchi board to obtain the smaller board. In Fig. 5 showing Γ

(4)
3 , this

corresponds to removing all the outside walls in the back (corresponding to
i = 1), outside slabs on the left (corresponding to j = 1) and outside layers at
the bottom (corresponding to k = 1). Thus, we can visualize Γ

(4)
2 as the size 2

cube at the front top right corner of the rightmost size 3 cube and the size 2
cube with one cell missing at the same place of the middle size 3 cube.
More generally, the difference Γ

(4)
n \Γ

(4)
n−1 consists of one outside wall correspond-

ing to cells with i = 1, one outside slab for cells with j = 1 and one outside layer
corresponding to cells with k = 1. The cells with coordinates (1,1,1,∗) belong
to the intersection of the outside wall, slab and layer, which we call the triple
intersection. Any pair of wall, slab, or layer share n cells of the form (1,1,∗,∗),
or (1,∗,1,∗), or (∗,1,1,∗), which we call pair intersections. When placing
more than one rook on the difference Γ

(4)
n \Γ

(4)
n−1, we must be careful about the

intersections.
The relationship between Γ

(4)
n and Γ

(4)
n−1 allows us to derive a recurrence relation

for the rook numbers, as demonstrated by the following theorem.
Theorem 2. Let rk(Γ

(4)
n ) denote the number of ways to place k non-attacking

rooks on the size n four dimensional Genocchi board. Then rk(Γ
(4)
n ) satisfies the
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recurrence relation
rk(Γ

(4)
n ) = rk(Γ

(4)
n−1)

+ rk−1(Γ
(4)
n−1)(n− k+1)(3(n− k+1)2 −3(n− k+1)+1)

+ rk−2(Γ
(4)
n−1)(n− k+2)3(n− k+1)5

+ rk−3(Γ
(4)
n−1)(n− k+3)(n− k+2)4(n− k+1)4,

where rk(Γ
(4)
n ) = 0 for k < 0 and r0(Γ

(4)
n ) = 1.

Proof. The number of ways to place k non-attacking rooks on Γ
(4)
n can be

partitioned into 4 cases: 1) all k rooks are placed on Γ
(4)
n−1 realized inside Γ

(4)
n , 2)

k−1 rooks are placed on Γ
(4)
n−1, 3) k−2 rooks are placed on Γ

(4)
n−1, and 4) k−3

rooks are placed on Γ
(4)
n−1.

In the first case, there are rk(Γ
(4)
n−1) ways to place the rooks.

In the second case, there are rk−1(Γ
(4)
n−1) possible placements for k− 1 rooks

inside Γ
(4)
n−1. Once k−1 rooks are placed on Γ

(4)
n−1, there is one rook to place on

the outside wall, slab, or layer. Each has (n− k+1)3 cells eligible due to the
previous placement of k−1 rooks on Γ

(4)
n−1 disqualifying k−1 of the n available

coordinates in two free positions, leading to a total of 3(n− k+ 1)3 options.
However, this approach does not count the intersections properly. Therefore,
we use the Inclusion-Exclusion Principle to obtain the result. Altogether, we
have rk−1(Γ

(4)
n−1)(n− k+1)(3(n− k+1)2 −3(n− k+1)+1) ways to place k rooks

on Γ
(4)
n where k−1 rooks lie on Γ

(4)
n−1.

In the third case, there are rk−2(Γ
(4)
n−1) ways to place k−2 rooks on Γ

(4)
n−1. Note

that in this case we cannot place either of the final two rooks on the triple
intersection since a rook on the triple intersection disqualifies all the remaining
cells on the outside wall, slab, and layer for the second rook. However, the
pair intersections can be used and we consider this case separately. We have
two subcases: 3.1) both rooks on outside wall, slab, or layer excluding the
pair intersections, and 3.2) one on a pair intersection and the other on the
non-attacked wall, slab, or layer.
For 3.1), we first choose which two of the wall, slab, and layer to use for the
final two rooks, which can be done in 3 ways. Let us suppose we chose wall
and slab to use. On the wall, (1,∗,∗,∗), we have (n− k+2) choices for the last
coordinate due to the previous k− 2 rook. We then have (n− k+ 1) choices
for each of the middle two coordinates since we cannot use 1 and the options
eliminated by the previous k−2 rooks. After placing this rook, for the last rook,
we can use the slab cells (∗,1,∗,∗). For these, we have (n−k+1)2(n−k) choices.
For this subcase, we obtain a total of 3(n− k+2)(n− k+1)4(n− k) choices.
For 3.2), we first choose which pair intersection to use for one of the final
two rooks, and there are 3 options. Once we decide on the pair intersection,
only one of the wall, slab, or layer will be available to use for the second rook.
Say we chose the pair intersection of the wall and slab, (1,1,∗,∗). We have
(n−k+2)(n−k+1) cells available due to the previous k−2 rooks places and 1 not
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being available in the third position. Then on the remaining layer (∗,∗,1,∗), we
have (n−k+1)3 options. Putting these together gives us 3(n−k+2)(n−k+1)4

options.
Since 3.1) and 3.2) are mutually exclusive cases we add them to obtain
rk−2(Γ

(4)
n−1)3(n−k+2)(n−k+1)4

(
(n−k)+1

)
ways to place k rooks on Γ

(4)
n where

k−2 rooks lie on Γ
(4)
n−1, which simplifies to rk−2(Γ

(4)
n−1)(n− k+2)3(n− k+1)5.

In the fourth case, there are rk−3(Γ
(4)
n−1) ways to place k−3 rooks on Γ

(4)
n−1. In

this case we cannot place any of our final rooks on the triple intersection or on
the pair intersections. Therefore, one rook is on the wall, one on the slab, and
one on the layer. For the cells (1,∗,∗,∗), we have (n− k+3)(n− k+2)2 options
due to the previous k−3 rooks and 1 not being available in the second or third
coordinates. For the cells (∗,1,∗,∗), we have (n− k+2)2(n− k+1) options due
to the previous k−2 rooks and 1 not being available in the third coordinate. In
this case, we do not reduce our options for the first coordinate since the rook on
the wall used the 1 option. Finally, on the layer, we have (n− k+1)3 options.
Putting all of this together, we obtain rk−3(Γ

(4)
n−1)(n−k+3)(n−k+2)4(n−k+1)4

ways to place k rooks on Γ
(4)
n where k−3 rooks lie on Γ

(4)
n−1.

Combining all these cases together, we obtain the recurrence relation in general.

Using the above recurrence relation, we obtain Table 1 providing the number of
ways to place k non-attacking rooks on Γ

(4)
n .

n\k 0 1 2 3 4 5
1 1 1
2 1 15 7
3 1 72 505 145
4 1 220 7525 33135 6631
5 1 525 55445 1207260 3778201 566641

Table 1: The coefficients rk(Γ
(4)
n ).

Notice that as was shown before, the highlighted entries follow the sequence
A064624 in [8]: Generalization of the Genocchi numbers given by the Gandhi
polynomials

A(n+1,r) = r3 ·A(n,r+1)− (r−1)3 ·A(n,r);A(1,r) = r3 − (r−1)3.

Using the combinatorial interpretation of non-attacking rooks on a Genocchi
board in the special case of k = n, the algebraic recurrence relation translates into
a recurrence relation for the number of triples of permutations of n expressed
in terms of the numbers of triples of permutations of n−1, triples of partial
permutations of n−1 with one hole in the same place, and triples of partial
permutations of n−1 with two holes in the same places. For all permutations
and partial permutations considered, we require the condition that π1(i)≤ i or
π2(i)≤ i or π3(i)≤ i.
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4 Five Dimensions
The three and four dimensional Genocchi boards can be generalized to five
dimensions. In five dimensions, we use walls, slabs, layers, time and hyper-time
to indicate the hyperplanes of cells with fixed 1st , 2nd , 3rd , 4th and 5th coordinates
respectively. The cells of Γ

(5)
n , the size n five-dimensional Genocchi board, are

tuples of the form (i, j,k, l,h), where 1 ≤ i, j,k, l,h ≤ n and min{i, j,k, l} ≤ h.
One way to visualize a 5-dimensional Genocchi board is to look at the board
with the last two coordinates fixed. The size 3 Genocchi board in five dimensions
is shown in Fig. 6.

h = 1

h = 2

h = 3

Figure 6: Size 3 Genocchi board in five dimensions.

We follow the same convention as in four dimensions within each row: rows are
numbered from back to front, columns left to right, layers bottom to top, and
time from left to right. The hyper-time increases from top to bottom. In the
bottom row when h = 3, due to the definition, the coordinates i, j,k, ` can take
any of the values 1, 2, 3. In the middle row, when h = 2, the coordinates i, j,k
are allowed to be 1, 2, 3 when `= 1,2, but when `= 3, we need min{i, j,k}= 2.
Therefore, when h = 2, `= 3, the cell (3,3,3,3,2) is missing. When h = 1, the
coordinates i, j,k are allowed to be 1, 2, 3 when `= 1, and otherwise, at least
one of i, j,k is 1.
Similar to the four-dimensional case, Γ

(5)
n includes the smaller board Γ

(5)
n−1, which

can be formally defined as
Γ
(5)
n−1 = {(i, j,k, l,h) : 2 ≤ i, j,k, l,h ≤ n and min{i, j,k, l} ≤ h}.

The difference Γ
(5)
n \Γ

(5)
n−1 consists of one outside slab with cells (1,∗,∗,∗,∗) on Γ

(5)
n ,

one outside wall with cells (∗,1,∗,∗,∗), one outside layer with cells (∗,∗,1,∗,∗),
and one outside time with cells (∗,∗,∗,1,∗). The outside wall, slab, layer and
time share the cells (1,1,1,1,∗), the quadruple intersection. Intersections of
three are called the triple intersections and the intersections of any pair of
wall, slab, or layer are the pair intersections.

The relationship between Γ
(5)
n and Γ

(5)
n−1 allows us to derive a recurrence relation
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for the rook numbers, as demonstrated by the following theorem.
Theorem 3. Let rk(Γ

(5)
n ) denote the number of ways to place k non-attacking

rooks on the size n five dimensional Genocchi board. Then rk(Γ
(5)
n ) satisfies the

recurrence relation
rk(Γ

(5)
n ) = rk(Γ

(5)
n−1)

+ rk−1(Γ
(5)
n−1)(n− k+1)

4

∑
i=1

(−1)i+1
(

4
i

)
(n− k+1)4−i

+ rk−2(Γ
(5)
n−1)(n− k+2)(n− k+1)5(6(n− k+1)2 +1)

+ rk−3(Γ
(5)
n−1)(n− k+3)(n− k+2)5(n− k+1)5(4(n− k+1)+2)

+ rk−4(Γ
(5)
n−1)(n− k+4)

3

∏
i=1

(n− k+ i)5,

where rk(Γ
(5)
n ) = 0 for k < 0 and r0(Γ

(5)
n ) = 1.

Proof. The number of ways to place k non-attacking rooks on the five dimen-
sional Genocchi board size n can be separated into 5 possible cases: 1) all k
rooks are placed on Γ

(5)
n−1 realized inside Γ

(5)
n , 2) k−1 rooks are placed on Γ

(5)
n−1,

3) k−2 rooks are placed on Γ
(5)
n−1, 4) k−3 rooks are placed on Γ

(5)
n−1, or 5) k−4

rooks are placed on Γ
(5)
n−1.

In the first case, there are rk(Γ
(5)
n−1) ways to place the rooks.

In the second case, there are rk−1(Γ
(5)
n−1) ways to place k−1 rooks on Γ

(5)
n−1. Once

k−1 rooks are placed on Γ
(5)
n−1, there is one rook to place on the outside wall, slab,

layer, or time. Similar to the 4D proof, we use the Inclusion-Exclusion Principle
to count available cells to be 4(n−k+1)4−6(n−k+1)3+4(n−k+1)2−(n−k+1).
Thus, there are Γ

(5)
n (n−k+1)(4(n−k+1)3−6(n−k+1)2+4(n−k+1)−1) ways

to place k rooks on Γ
(5)
n where k−1 rooks lie on Γ

(5)
n−1. We can also count this

case by noting that the number of cells is found by excluding the cells where
none of the first four coordinates are 1. There are (n− k+1)4 − (n− k)4 options
for the first four coordinates, and (n−k+1) options for the last. This gives us a
total of rk−1(Γ

(5)
n−1(n−k+1)((n−k+1)4− (n−k)4)), which equals the expression

given in the recurrence relation above.
In the third case, we place k− 2 rooks on Γ

(5)
n−1 and two on the outside. We

split how to place the last two rooks into four subcases: 3a) neither rook on an
intersection, with only allowed cells being (1,∗,∗,∗,∗),(∗,1,∗,∗,∗),(∗,∗,1,∗,∗),
(*, *, *, 1, *) where no ∗ is 1; 3b) one rook on a pair intersection, one on no
intersection; 3c) both rooks on pair intersections; and 3d) one rook on a triple
intersection and one not. There are 6 possibilities for the subcase 3a) based on
which two coordinates have 1’s. After choosing which possibility we have, we
have n− k+2 choices for the hyper-time coordinate of the second to last rook
and every other coordinate besides the coordinate with 1 has n− k+1 choices.
For the final rook, we have n−k+1 hyper-time choices. For the coordinate that
corresponds to where 1 is in the second to last rook, we again have n− k+1
choices. For the two other remaining free coordinates, we have n− k choices
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each. Therefore, each possibility has (n−k+2)(n−k+1)5(n−k)2 options. There
are 12 possibilities for the subcase 3b), each with (n− k+2)(n− k+1)5(n− k)
options using a similar coordinate option counting. There are 3 possibilities
for the subcase 3c), each with (n− k+2)(n− k+1)5 options. Finally, 3d) has
4 possibilities and each has (n− k + 2)(n− k + 1)5. Adding all the options
gives (n− k+2)(n− k+1)5(6(n− k)2 +12(n− k)+7), which is the coefficient of
rk−2(Γ

(5)
n−1) given in the recurrence relation above.

In the fourth case, we split how to place the last three rooks into two subcases:
4a) none of the rooks is on an intersection; and 4b) one rook on a pair intersection
including time intersections, and the other two on no intersections. There are
4 possibilities for the subcase 4a based on which coordinate is never 1. After
choosing which possibility we have and ordering the rooks arbitrarily based on
where the 1’s are, we have n−k+3 choices for the hyper-time coordinate of the
third to last rook and every other coordinate besides the coordinate with 1 has
n− k+2 choices. For the middle rook, we have n− k+2 choices for hyper-time,
n− k+2 choices for the coordinate that overlaps with the coordinate 1 of the
third to last rook, and n− k+1 choices for each of the other two coordinates.
For the final rook, we have n−k+1 hyper-time choices. For the two coordinates
that correspond to where 1 was in the previous two rooks, we again have
n− k+ 1 choices. For the last coordinate, we have n− k choices. Therefore,
each possibility has (n− k+3)(n− k+2)5(n− k+1)5(n− k) options. There are
6 possibilities for the subcase 4b each with (n− k+ 3)(n− k+ 2)5(n− k+ 1)5

options using a similar coordinate option counting. Adding all the options gives
(n− k+3)(n− k+2)5(n− k+1)5(4(n− k)+6).
In the fifth case, there are rk−4(Γ

(5)
n−1) ways to place k−4 rooks on Γ

(5)
n−1. There-

fore, there are four rooks left that to place on the outside wall, slab, layer or time.
Note in this case we cannot place any of these final rooks on an intersection.
Therefore, all must be placed on cells of the form (1,∗,∗,∗,∗),(∗,1,∗,∗,∗),
(*, *, 1 , *, *), (*, *, *, 1, *) where no ∗ is 1 and there must be one rook on each of
the outside wall, slab, layer, and the time. Counting options for each coordinate
as in the previous cases, we find that there are rk−4(Γ

(5)
n−1)(n− k+ 4)(n− k+

3)3(n− k+3)2(n− k+2)2(n− k+2)2(n− k+1)(n− k+2)(n− k+1)2(n− k+1)2

ways to place k rooks on Γ
(5)
n where k−4 rooks lie on Γ

(5)
n−1. This can be simplified

to rk−4(Γ
(5)
n−1)(n− k+4)(n− k+3)5(n− k+2)5(n− k+1)5.

Putting all these cases together, we obtain the recurrence relation in general.

Using the above recurrence relation, we obtain Table 2 that gives the number
of ways to place k non-attacking rooks on the size n five dimension Genocchi
board.
As expected, the highlighted entries follow the sequence A064625 in [8]: Gener-
alization of the Genocchi numbers given by the Gandhi polynomials

A(n+1,r) = r4 ·A(n,r+1)− (r−1)4 ·A(n,r);A(1,r) = r4 − (r−1)4.

Similar to the four-dimensional case, when k = n, the algebraic recurrence
relation above translates into a recurrence relation for the number of quadruples
of permutations of n expressed in terms of the numbers of the quadruples of
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n\k 0 1 2 3 4 5
1 1 1
2 1 31 15
3 1 226 3345 1025
4 1 926 100875 954815 209135
5 1 2771 1245715 87547640 598789745 100482849

Table 2: The coefficients rk(Γ
(5)
n ).

permutations of n−1, quadruples of partial permutations of n−1 with one hole
in the same place, quadruples of partial permutations of n−1 with two holes in
the same place and quadruples of partial permutations of n−1 with three holes.
In all cases, we require that π1(i)≤ i or π2(i)≤ i or π3(i)≤ i or π4(i)≤ i.
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Abstract
We consider the variance of the distance to the boundary for planar triangles.
Our main result is that if γ is a line segment joining a vertex of a triangle to a
point on the opposite side, then the variance restricted to γ is a convex function.

1 Introduction
Let U be a compact convex set in R2. For z=(x,y) contained in U and θ ∈ [0,2π),
we define dU

z (θ) to be the distance from z to ∂U in the direction θ . Then for
k ∈ N we define

IU
k (z) =

1
2π

∫ 2π

0
[dU

z (θ)]
k dθ .
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Finally, the variance from z to ∂U is defined by
varU (z) = IU

2 (z)− [IU
1 (z)]2. (1. A)

If the context is clear, we may drop the U from the above notation and just
write dz(θ), Ik(z) and so on.
The notion of variance of the distance to the boundary was used in Strawbridge
et al [4] as the basis of a robust algorithm to determine whether individual
cells in an embryo are interior or exterior cells based purely on knowing the
location of the nuclei of the cells. In particular, it was shown in [4] that in the
special case of the unit ball in R3, the variance of the distance to the boundary
has a unique minimum at the center of the ball. In this paper, we initiate a
mathematical study of the variance by focusing on the case of planar triangles.
In Figures 1 and 2, we see a plot of the variance function inside a certain
isosceles triangle.

Figure 1: Surface plot generated with 80199 variance values with step size for x
and y coordinates equal to 0.0125.
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Figure 2: Flattened version of Figure 1 with the centroid of the triangle marked.

We start by giving some general properties of variance.
Theorem 1. Let U be a compact convex set in R2.

(i) If f : R2 → R2 is an isometry, then
var f (U)( f (z)) =U (z).

(ii) If f : R2 → R2 is a similarity with scaling factor C > 0, then
var f (U)( f (z)) =C2

U (z).

This result will allow us to pass from general triangles to triangles with vertices
at (0,0),(1,0) and (P,Q) with Q > 0. Additionally, this result also implies that
if U has a certain symmetry, then the variance function will also have the
analogous symmetry. For example, in an isosceles triangle, the variance is
unchanged under a reflection about the line of symmetry. Next, we make the
important observation that in two dimensions, I2(z) is in fact constant in z.
Theorem 2. For any bounded convex domain U ⊂ R2 and any z ∈U we have

I2(z) =
1
π

Area(U).

Our main result is as follows.
Theorem 3. Let T be a triangle and let γ : [0,1]→ T parameterize a straight
line segment from one vertex of T to a point on the side opposite this vertex.
Then |γ is a convex function.
In particular, it will follow from Theorem 3 that on each line segment emanating
from a vertex of T , there is a unique minimum of the variance. Unfortunately,
this does not appear to be quite enough to guarantee that the variance is a
convex function on the whole of T and thus that the variance has a unique
minimum on T . If we could show that the variance is convex on any line segment
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joining two points on the boundary of T , then this would be enough. However,
a typical such line segment will divide T into a triangle and a quadrilateral.
Computations analogous to those in this paper for quadrilaterals get messy very
quickly. We leave these questions open as a topic for future work, and just note
that Figures 2 and 4 below give evidence of a unique minimum.
The paper is organized as follows. In Section 2 we prove the preliminary results
Theorem 1 and Theorem 2, while in Section 3 we prove our main result, Theorem
3. We make some concluding remarks and acknowledgements in Section 4.

2 Preliminaries
In this section, we first show that the variance is well behaved under isometries
and similarities.

Proof of Theorem 1. Suppose first that f is a translation, rotation or reflection.
Then it is clear that I1 and I2 are unchanged by applying f and so the same is
true of the variance. If f is a scaling by factor d > 0, then we have

d f (U)
f (z) (θ) =C ·dU

z (θ),

which proves (b) in this case.
For the general case, an isometry is a composition of translations, rotations and
reflections, which proves (a). For (b), a similarity is a composition of isometries
and scalings as above, which completes the proof.

Next we prove that I2 is constant for bounded convex planar domains.

Proof of Theorem 2. For this proof, we will work in complex coordinates. Sup-
pose first that ∂U is smooth and that we parameterize ∂U by fixing z ∈U and
setting w = γ(θ) = dz(θ)eiθ for 0 ≤ θ ≤ 2π. Then γ is a smooth function and

γ
′(θ) = (d′

z(θ)+ idz(θ))eiθ .

As dz(θ) is real-valued, we have∫
γ

w dw =
∫ 2π

0
(dz(θ)eiθ )(d′

z(θ)+ idz(θ))eiθ )dθ

=
∫ 2π

0
(dz(θ)d′

z(θ)+ i(dz(θ))
2)dθ .

Integrating by parts, we have∫ 2π

0
dz(θ)d′

z(θ)dθ =
[
dz(θ)

2]2π

θ=0 −
∫ 2π

0
dz(θ)d′

z(θ)dθ

= 0−
∫ 2π

0
dz(θ)d′

z(θ)dθ .

Thus ∫ 2π

0
dz(θ)d′

z(θ)dθ = 0

and we have ∫
γ

w dw = i
∫ 2π

0
dz(θ)

2 dθ = 2πiI2(z).
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By Green’s Theorem,
∫

γ
w dw is nothing other than 2i multiplied by the area

enclosed by γ, from which Theorem 2 follows in the smooth case.
For the general case, fix z ∈ U and suppose that ϕ : D → U is a conformal
bijection from the unit disk onto U given by the Riemann Mapping Theorem.
For 0 < r < 1, set Sr to be the circle centred at the origin of radius r, Dr to be
the open disk centred at the origin of radius r, and set Ur = ϕ(Dr). We may
assume that r0 is chosen close enough to 1 that z ∈Ur for r > r0. By a theorem
of Study [5], see also for example [3], it follows that Ur is a convex domain for
all 0 < r < 1. Moreover, as ϕ(Sr) is a smooth Jordan curve it follows by the
argument above that for r0 < r < 1,

IUr
2 (z) =

1
π

Area(Ur).

As ∂U is a Jordan curve, by Carathéodory’s Theorem it follows that ϕ extends
to a homeomorphism from D onto U . Thus the extended function is uniformly
continuous, as it is continuous on a compact subset of C. It follows that
dUr

z (θ)→ dU
z (θ) as r → 1 uniformly in θ . A standard integral estimate then

shows that IUr
2 (z)→ IU

2 (z) as r → 1. Putting this all together, we have

IU
2 (z) = lim

r→1
IUr
2 (z) = lim

r→1

1
π

Area(Ur) =
1
π

Area(U),

which completes the proof.

3 Convexity of variance along rays
By Theorem 2, I2 is a constant. As T is a non-degenerate triangle, I1 : T → R is
a strictly positive function. It follows from (1. A) that to show the variance
restricted to γ is a convex function, it is enough to show that I1 restricted to γ

is a concave function.
Our approach to proving Theorem 3 relies on the following special case where γ

is an edge of the triangle.
Theorem 4. Let T be a triangle with vertices (0,0),(1,0) and (P,Q) where
P ∈ R and Q > 0. Define h : [0,1]→ R by h(x) = I1(x,0). Then h is a concave
function.
With this in hand, the proof of Theorem 3 is as follows.
Proof of Theorem 3. Let T be a triangle with vertices u,v and w. Without loss
of generality, suppose that γ : [0,1]→ T parameterizes a line segment from the
vertex u to a point u′ on the side of T joining v to w. Then γ divides T into two
triangles T1 and T2 with vertices u,u′,v and u,u′,w respectively.
Let f be a similarity map with scaling factor C which maps the line segment
[u,u′] onto the line segment L joining (0,0) to (1,0). Then by the proof of
Theorem 1,

IT
1 (z) =

1
2π

∫ 2π

0
dT

z (θ)dθ

=
1

2πC

∫
π

0
d f (T )

f (z) (θ)dθ +
1

2πC

∫ 2π

π

d f (T )
f (z) (θ)dθ

=
1
C

IT1
1 ( f (z))+

1
C

IT2
1 ( f (z)).
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By Theorem 4, IT1
1 |L is concave and, by applying a reflection and again using

Theorem 4, IT2
1 |L is also concave. As the sum of two concave functions is concave,

it follows that IT
1 |γ is a concave function. By the observation at the start of this

section, it follows that the variance restricted to γ is a convex function, which
completes the proof.

The rest of this section is devoted to the proof of Theorem 4.
3.1 Computing I1 In the following lemma, we explicitly compute the
integral in the formula for I1 from a vertex of a triangle.
Lemma 5. Let T be a triangle with vertices u,v,w and side lengths opposite
each vertex a,b,c respectively. Let p be the perpendicular distance from u to the
line passing through v and w. Then

I1(u) =
p

2π
[ln(a+b+ c)− ln(−a+b+ c)] . (3. B)

Proof. Let φu,φv and φw be the angles subtended at the vertices u,v and w
respectively. We set θ = 0 to correspond the the direction from u towards v
and θ = π −φv −φw to be the direction from u towards w. Then it follows from
elementary trigonometry that

cos(π/2−φv −θ) =
p

du(θ)
.

Using the identity cos(π/2− t) = sin t, we therefore have
du(θ) =

p
sin(φv +θ)

.

Now, by definition we have

I1(u) =
1

2π

∫
π−φv−φw

0
du(θ)dθ =

1
2π

∫
π−φv−φw

0
pcsc(φv +θ)dθ .

Making the change of variables α = φv +θ , we obtain

I1(u) =
1

2π

∫
π−φw

φv

pcsc(α)dα

=
1

2π

[
ln
∣∣∣∣1− cosα

sinα

∣∣∣∣]π−φw

α=φv

=
1

2π

[
ln
∣∣∣tan

(
α

2

)∣∣∣]π−φw

α=φv

=
p

2π

(
ln
∣∣∣∣tan

(
π −φw

2

)∣∣∣∣− ln
∣∣∣∣tan

(
φv

2

)∣∣∣∣]
=

p
2π

ln |cot(φv/2)cot(φw/2)| .

Here we have used the half-angle formula for tan and the identity tan(π/2− t) =
cot t. Let s = (a+ b+ c)/2 be the semi-perimeter of T . Then by the law of
cotangents we have

cot(φv/2)
s−b

=
cot(φw/2)

s− c
=

1
r
,

where

r =
(
(s−a)(s−b)(s− c)

s

)1/2

.
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Combining this with the expression for I1(u) above, we find that

I1(u) =
p

2π
ln
∣∣∣∣( s−b

r

)(
s− c

r

)∣∣∣∣
=

p
2π

(lns− ln(s−a))

which gives (3. B) once the ln(1/2) terms are cancelled.

3.2 Splitting T into two sub-triangles For x∈ (0,1), we decompose
T into two triangles A,B where A has vertices (0,0), (x,0) and (P,Q) and B has
vertices (x,0), (1,0) and (P,Q). Let J1 ∈ [0,2π) be the interval corresponding to
angles giving triangle A viewed from x, and let J2 be the corresponding interval
for B. For θ ∈ [0,2π)\ (J1 ∪ J2) we have dx(θ) = 0 and so

h(x) =
1

2π

(∫
J1

dx(θ)dθ +
∫

J2

dx(θ)dθ

)
.

For i ∈ {1,2}, let
fi(x) =

∫
Ji

dx(θ)dθ .

Here we are using a slight abuse of notation to write dx instead of d(x,0).
Lemma 6. We have

f1(x) =
Qx√

P2 +Q2
ln

( √
P2 +Q2 + x+

√
(P− x)2 +Q2

−
√

P2 +Q2 + x+
√

(P− x)2 +Q2

)
and

f2(x) =
Q(1− x)√

(P−1)2 +Q2
ln

( √
(P−1)2 +Q2 +(1− x)+

√
(P− x)2 +Q2

−
√
(P−1)2 +Q2 +(1− x)+

√
(P− x)2 +Q2

)
.

Proof. An elementary computation shows that the perpendicular distance from
x to the line passing through (0,0) and (P,Q) is Qx and the perpendicular
distance from x to the line passing through (1,0) and (P,Q) is Q(1− x). The
lemma then follows by applying Lemma 5 twice.

Lemma 7. We have

f ′1(x) =
Q√

P2 +Q2
ln

( √
P2 +Q2 + x+

√
(P− x)2 +Q2

−
√

P2 +Q2 + x+
√

(P− x)2 +Q2

)
− Q

((P− x)2 +Q2)1/2

(3. C)
and

f ′′1 (x) = Q((P− x)2 +Q2)−3/2
(

P− P2 +Q2

x

)
. (3. D)

Proof. The derivative of ln(
√

P2 +Q2 + x+
√
(P− x)2 +Q2) is

1− (P− x)/
√
(P− x)2 +Q2√

P2 +Q2 + x+
√

(P− x)2 +Q2

and the derivative of ln(−
√

P2 +Q2 + x+
√
(P− x)2 +Q2) is

1− (P− x)/
√
(P− x)2 +Q2

−
√

P2 +Q2 + x+
√
(P− x)2 +Q2

.
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Thus

f ′1(x) =
Q√

P2 +Q2
ln

( √
P2 +Q2 + x+

√
(P− x)2 +Q2

−
√

P2 +Q2 + x+
√
(P− x)2 +Q2

)

+
Qx√

P2 +Q2

(
1− (P− x)√

(P− x)2 +Q2

)[
1√

P2 +Q2 + x+
√

(P− x)2 +Q2
−

1

−
√

P2 +Q2 + x+
√
(P− x)2 +Q2

]
.

By putting the terms over a common denominator, the term in the square
brackets is

−2
√

P2 +Q2

−(P2 +Q2)+(x+
√
(P− x)2 +Q2)2

=
−2
√

P2 +Q2

2x2 −2xP+2x
√

(P− x)2 +Q2

=
−
√

P2 +Q2

x(x−P+
√

(P− x)2 +Q2)
.

We also note that

1− P− x√
(P− x)2 +Q2

=

√
(P− x)2 +Q2 + x−P√

(P− x)2 +Q2

from which it follows that

f ′1(x) =
Q√

P2 +Q2
ln

( √
P2 +Q2 + x+

√
(P− x)2 +Q2

−
√

P2 +Q2 + x+
√

(P− x)2 +Q2

)

+
Qx√

P2 +Q2

(√
(P− x)2 +Q2 + x−P√

(P− x)2 +Q2

)[
−
√

P2 +Q2

x(x−P+
√

(P− x)2 +Q2)

]
.

By cancelling terms here, we obtain (3. C). For the second derivative, we can
use the work above to differentiate the first term in (3. C) and the quotient
rule for the second term to obtain

f ′′1 (x) =− Q

x
√
(P− x)2 +Q2

− Q(P− x)
((P− x)2 +Q2)3/2

= Q
(
−(P− x)2 −Q2 −Px+ x2

x((P− x)2 +Q2)3/2

)
=− Q(P2 +Q2 −Px)

x((P− x)2 +Q2)3/2

which is (3. D).

Next we give the analogous result for f2.
Lemma 8. We have

f ′2(x) =− Q√
(P−1)2 +Q2

ln

( √
(P−1)2 +Q2 +(1− x)+

√
(P− x)2 +Q2

−
√

(P−1)2 +Q2 +(1− x)+
√
(P− x)2 +Q2

)

+
Q

((P− x)2 +Q2)1/2 (3. E)
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and

f ′′2 (x) = Q((P− x)2 +Q2)−3/2
(

1−P− (P−1)2 +Q2

1− x

)
. (3. F)

Proof. The theme of the computation is similar to that of the proof of Lemma
7 and so we omit the details of the derivation of (3. E). Differentiating (3. E)
yields

f ′′2 (x) =− Q

(1− x)
√

(P− x)2 +Q2
+

Q(P− x)
((P− x)2 +Q2)3/2

= Q((P− x)2 +Q2)−3/2
(
−
(
(P− x)2 +Q2

1− x

)
+P− x

)
= Q((P− x)2 +Q2)−3/2

(
−
(
(P−1+1− x)2 +Q2

1− x

)
+P−1+1− x

)
= Q((P− x)2 +Q2)−3/2

(
1−P− (P−1)2 +Q2

1− x

)
which is (3. F).

By combining (3. D) and (3. F), we see that

h′′(x) =
Q((P− x)2 +Q2)−3/2

2π

(
P− P2 +Q2

x
+1−P− (P−1)2 +Q2

1− x

)
=

Q((P− x)2 +Q2)−3/2

2π

(
1− P2 +Q2

x
− (P−1)2 +Q2

1− x

)
. (3. G)

For x ∈ (0,1), set

j(x) = 1− P2 +Q2

x
− (P−1)2 +Q2

1− x
. (3. H)

Then from (3. G), it is evident that h is a concave function if and only if j(x)< 0
for x ∈ (0,1).

3.3 Showing that j is always negative
Lemma 9. We have limx→0+ j(x) =−∞, limx→1− j(x) =−∞, and j has a unique
critical point on (0,1) at

x0 =

√
P2 +Q2√

P2 +Q2 +
√
(P−1)2 +Q2

(3. I)

with critical value

j(x0) = 1−
(

P2 +Q2 +2
√

P2 +Q2
√

(P−1)2 +Q2 +(P−1)2 +Q2
)
. (3. J)

Moreover, for any P ∈ R and Q > 0, we have j(x0)< 0.

Proof. The claims about the limits follow immediately from (3. H). Next,

j′(x) =
P2 +Q2

x2 − (P−1)2 +Q2

(1− x)2 .

Solving j′(x) = 0 yields
(1− x)2(P2 +Q2) = x2((P−1)2 +Q2).
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As x ∈ (0,1), we may take positive square roots of both sides to obtain

(1− x)
√

P2 +Q2 = x
√
(P−1)2 +Q2

and solving for x yields (3. I). Plugging this value into the formula for j and
some elementary algebra then yields (3. J).
For the final claim, set J(P,Q) to be the right hand side of (3. J) as a function
in terms of P and Q. Then

J(P,0) = 1−
(

P2 +2
√

P2
√

(P−1)2 +(P−1)2
)

=−2P(P−1)−2|P(P−1)|.
If P(P−1)≤ 0, then J(P,0) = 0, otherwise J(P,0)< 0. In either case, we have
J(P,0)≤ 0. Now, for Q > 0, the partial derivative of J with respect to Q is

JQ =−4Q− 2Q
√

P2 +Q2√
(P−1)2 +Q2

− 2Q
√

(P−1)2 +Q2√
P2 +Q2

< 0.

We conclude that for any fixed P ∈ R, limQ→0+ J(P,Q) ≤ 0 and JQ < 0, from
which it follows that J(P,Q)< 0 for all P ∈ R and Q > 0. This gives the final
claim.

From Lemma 9, we conclude that the unique critical point of j on (0,1) is a
maximum, and that maximum value is negative. Thus, by (3. G), h is a concave
function on [0,1] which completes the proof of Theorem 4.

4 Concluding remarks
The topic of this paper was a Research Rookies project undertaken by the
third named author at NIU during the 2022-2023 academic year with the first
named author as advisor. The authors would like to thank the organizers of
the Research Rookies program at NIU for stimulating this work and thank the
anonymous referee for comments which improved the exposition in the paper.
The images were created using Julia and Makie, see [1] and [2] respectively. We
finish with another visual example of the variance. Note the different scales
on the axes in Figures 3 and 4. This triangle is long and thin, but for ease of
visual representation, the scales were chosen this way. Comparing Figures 1
and 2 with 3 and 4, we see that the variance achieves much higher values for
long, thin triangles.
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Figure 3: Surface plot generated with 99620 variance values with step size for x
and y coordinates equal to 0.01.

Figure 4: Flattened version of Figure 3 with the centroid marked.



76 BSU Undergraduate Mathematics Exchange Vol. 18, No. 1 (Fall 2024)

Bibliography
[1] J. Bezanson, A. Edelman, S. Karpinski, V. B. Shah, Julia: A

Fresh Approach to Numerical Computing, SIAM Review, 59,
no.1 (2017), 65-98.

[2] S. Danisch, J. Krumbiegel, Makie.jl: Flexible high-performance
data visualization for Julia, Journal of Open Source Software,
6(65), 3349 (2021).

[3] P. Duren, Univalent functions, Grundlehren der mathematischen
Wissenschaften 259, Springer-Verlag, New York, 1983,

[4] S. E. Strawbridge, A. Kurowski, E. Corujo-Simon, A. N. Fletcher,
J. Nichols and A. G. Fletcher, insideOutside: an accessible algo-
rithm for classifying interior and exterior points, with applications
in embryology, Biol. Open, 12, no. 9 (2023): bio060055.

[5] E. Study, Vorlesungen über ausgew"ahlte Gegenst"ande der Ge-
ometrie (German edition), Cor- nell University Library, 1911.



Pages 77 – 87

Continued Fractions, a-Fibonacci numbers, and
the middle b-noise

Aakash Gurung, Cheng-Han Pan*

Aakash Gurung is a junior at the University of Alabama,
pursuing a dual major in Mathematics and Physics. This
project was undertaken during his time at Juniata Col-
lege. He is currently exploring diverse areas of mathematics,
driven by a long-term aspiration to pursue a career in math-
ematical research.

Cheng-Han Pan received his Ph.D. in mathematics from
West Virginia University. He served as a visiting assistant
professor and faculty advisor for Juniata Problem Solving
Group at Juniata College before joining Western New Eng-
land University. His research interests focus on the foun-
dations of real analysis, especially exploring paradoxical
examples of functions and sets.

Abstract
Problem 1186 in The College Mathematics Journal asked for a closed form
expression of the continued fraction [1,1, . . . ,1,3,1,1, . . . ,1], and reappeared as
Problem 1385 in the PME journal. In this paper, we present a generalization
to [a,a, . . . ,a,b,a,a, . . . ,a] with a-Fibonacci numbers and discuss how much the
middle b-noise would impact the continued fractions with all a’s.

1 Introduction
This paper is based on our participation in the Juniata Problem Solving Group
in Fall 2022 and our further discoveries in one problem that we solved which
can be traced to Problem 1186, proposed by Gregory Dresden and ZhenShu
Luan, in The College Mathematics Journal [5]. The problem states: Find a
closed-form expression for the continued fraction [1,1, . . . ,1,3,1,1, . . . ,1], which
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has n ones before and after, the middle three.
A simple finite continued fraction is an expression of the form

a0 +
1

a1 +
1

a2+
1

...+ 1
an−1+

1
an

,

where a0 ∈ Z and ai ∈ Z+ for i ≥ 1. It is often denoted by [a0,a1,a2, . . . ,an−1,an].
For example,

[1,3,1] = 1+
1

3+ 1
1

=
5
4

and [1,1,3,1,1] = 1+
1

1+ 1
3+ 1

1+ 1
1

=
16
9

.

Although a solution by Walther Janous was quickly published in [6], a closed-
form expression can be derived differently. Since the Juniata Problem Solving
Group did not exist until Fall 2022, the problem that later caught our attention
was reproposed by Hongwei Chen as PME Problem 1385 in [3].
In PME Problem 1385, after a nice introduction to continued fractions and
Fibonacci numbers, the proposers stated that they found a neat closed-form
expression for [1,1, . . . ,1,3,1,1, . . . ,1] and challenged the readers to prove it. In
particular, readers are invited to show that

[1,1, . . . ,1︸ ︷︷ ︸
n-times

,3,1,1, . . . ,1︸ ︷︷ ︸
n-times

] =
Fn+4Fn+1

F2
n+2

,

where Fn represents the nth Fibonacci number listed as follows. (fn. 1)
· · · · · · F−1 F0 F1 F2 F3 F4 F5 F6 F7 F8 F9 · · · · · ·
· · · · · · 1 0 1 1 2 3 5 8 13 21 34 · · · · · ·

The Juniata Problem Solving Group submitted a solution to PME Problem
1385, (fn. 2) which was published in [4].
In the next section, we present a generalization from [1, . . . ,1︸ ︷︷ ︸

n-times

,3,1, . . . ,1︸ ︷︷ ︸
n-times

] to

[a, . . . ,a︸ ︷︷ ︸
n-times

,b,a, . . . ,a︸ ︷︷ ︸
n-times

] with a-Fibonacci numbers. In Section 3, we show how much

the middle b changes the values of such a continued fraction when b 6= a (the
surprising answer is: not very much at all). Lastly in Section 4, we will come
back and briefly address Juniata Problem Solving Group’s approach in [4] and
Walther Janous’ approach in [3].

1. Although Fibonacci numbers usually start with F0 and F1, note that one can extend
the indexes of Fibonacci numbers to negative integers by using Fn = Fn+2 −Fn+1. We will
particularly need F−1 = F1 −F0 = 1 in some future formulas. On the other hand, Fibonacci
numbers can be defined for negative indexes by F−n := (−1)n+1Fn as well.

2. Members included Emmanuel Adutwum, Aakash Gurung, Saea Eun Lee, and
Johnathan Park at the time.
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2 Generalization to [a, . . . ,a,b,a, . . . ,a]

Why just 1 and 3? An immediate generalization would be [a, . . . ,a︸ ︷︷ ︸
n-times

,b,a, . . . ,a︸ ︷︷ ︸
n-times

]

for a,b ∈ Z+. In this section, we will need to work with a-Fibonacci numbers.
To increase the readability of the calculations in proofs throughout the paper,
we will always use the shorthand notation Fn to represent the nth a-Fibonacci
number.
For a ∈ Z+, the nth a-Fibonacci number, denoted by Fn, is the nth term in the
a-Fibonacci sequence defined recursively as

Fn :=


Fn+2 −aFn+1 for n ≤−1
0 for n = 0
1 for n = 1
aFn−1 +Fn−2 for n ≥ 2

.

From the definition above, we see that a-Fibonacci numbers clearly generalize the
original Fibonacci numbers. (fn. 3) Throughout the paper, we will repeatedly
use the particular recursive relation Fn = aFn−1 +Fn−2 to simplify our work.
To acquaint readers with the recursive relation, we establish the validity of
Cassini’s identity, Honsberger’s identity, and d’Ocagne’s identity for a-Fibonacci
numbers. These identities serve as essential tools in the proofs of Theorem 5,
Corollary 7, and Remark 8.
Proposition 1. (i) Cassini’s identity: If n ∈ N and a ∈ Z+, then

Fn+1Fn−1 = (Fn)
2 +(−1)n.

(ii) Honsberger’s identity: If m,n ∈ N and a ∈ Z+, then
Fm+n = FmFn+1 +Fm−1Fn.

(iii) d’Ocagne’s identity: If m,n ∈ N and a ∈ Z+, then
(−1)nFm−n = FmFn+1 −Fm+1Fn.

Proof. To show (i), we run induction on n ∈ N. It is easy to verify the basic
step. n = 0 implies

F1F−1 = 1 ·1 = 1 = 02 +(−1)0 = (F0)
2 +(−1)0.

Suppose Fk+1Fk−1 = (Fk)
2 +(−1)k for some k ≥ 0. We want to show that
Fk+2Fk = (Fk+1)

2 +(−1)k+1.
Working on the left hand side, we break Fk+2 into aFk+1 +Fk and get

Fk+2Fk = (aFk+1 +Fk)Fk = aFk+1Fk +(Fk)
2.

By the inductive hypothesis we replace (Fk)
2 with Fk+1Fk−1 − (−1)k and have

aFk+1Fk +(Fk)
2 = aFk+1Fk +Fk+1Fk−1 − (−1)k

= Fk+1(aFk +Fk−1)− (−1)k

= Fk+1(Fk+1)− (−1)k = (Fk+1)
2 +(−1)k+1

3. Let Fn(x) denote the nth Fibonacci Polynomial, which is another generalization of
Fibonacci numbers. We want to mention that the nth a-Fibonacci number Fn can also be
obtained by evaluating Fn(a). This well-known fact can be easily proved by a strong induction.
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as needed.
To see (ii), one would again run induction on n ∈ N while m is arbitrarily fixed.
First, one shows the identity holds for Fm+0 and Fm+1. Assuming the identity
holds for Fm+k−1 and Fm+k, the goal is to show that the identity also holds for
Fm+k+1 = aFm+k +Fm+k−1. We omit the straightforward but tedious details.
(iii) can be proved in the same way as described above.

Lemma 2. If n ∈ N and a ∈ Z+, then
(i) [a,a, . . . ,a︸ ︷︷ ︸

n-times

,x] =
xFn+1 +Fn

xFn +Fn−1
.

(ii) [x,a,a, . . . ,a︸ ︷︷ ︸
n-times

] = x+
Fn

Fn+1
.

Proof. For n = 0, [x] = x = x·1+0
x·0+1 = xF1+F0

xF0+F−1
is clear. Suppose [a, . . . ,a︸ ︷︷ ︸

k-times

,x] =

xFk+1+Fk
xFk+Fk−1

for some k ≥ 0. We want to show that [a,a, . . . ,a︸ ︷︷ ︸
(k+1)-times

,x] = xFk+2+Fk+1
xFk+1+Fk

.

Indeed,

[a,a, . . . ,a︸ ︷︷ ︸
(k+1)-times

,x] = a+
1

[a, . . . ,a︸ ︷︷ ︸
k-times

,x]
= a+

xFk +Fk−1

xFk+1 +Fk

=
axFk+1 +aFk + xFk +Fk−1

xFk+1 +Fk

=
x(aFk+1 +Fk)+aFk +Fk−1

xFk+1 +Fk
=

xFk+2 +Fk+1

xFk+1 +Fk

completing the proof of (i). To see (ii), we simply apply (i) with x = a and
obtain

[x,a,a, . . . ,a︸ ︷︷ ︸
n-times

] = x+
1

[a,a, . . . ,a︸ ︷︷ ︸
n-times

]
= x+

aFn−1 +Fn−2

aFn +Fn−1
= x+

Fn

Fn+1
.

Moreover, the identity [a, . . . ,a︸ ︷︷ ︸
n-times

] =
Fn+1
Fn

is well-known and immediate from

Lemma 2 with x = a. We are now able to derive a closed-form expression for
[a, . . . ,a︸ ︷︷ ︸

n-times

,b,a, . . . ,a︸ ︷︷ ︸
n-times

]. Note that the expression in Lemma 3 may not be in its most

elegant form, but it serves as the common ground for Theorem 5 and Remark 9.
Lemma 3. If n ∈ N and a,b ∈ Z+, then

[a, . . . ,a︸ ︷︷ ︸
n-times

,b,a, . . . ,a︸ ︷︷ ︸
n-times

] =
b(Fn+1)

2 +2Fn+1Fn

bFn+1Fn +(Fn)2 +Fn+1Fn−1
.

Proof. We first write [a, . . . ,a︸ ︷︷ ︸
n-times

,b,a, . . . ,a︸ ︷︷ ︸
n-times

] as [a, . . . ,a︸ ︷︷ ︸
n-times

, [b,a, . . . ,a︸ ︷︷ ︸
n-times

]] so that Lemma
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2 becomes applicable and gives

[a, . . . ,a︸ ︷︷ ︸
n-times

, [b,a, . . . ,a︸ ︷︷ ︸
n-times

]] = [a, . . . ,a︸ ︷︷ ︸
n-times

,b+
Fn

Fn+1
] =

(
b+ Fn

Fn+1

)
Fn+1 +Fn(

b+ Fn
Fn+1

)
Fn +Fn−1

.

After simplifying the complex fraction, we obtain

[a, . . . ,a︸ ︷︷ ︸
n-times

,b,a, . . . ,a︸ ︷︷ ︸
n-times

] =
(bFn+1 +Fn)Fn+1 +Fn+1Fn

(bFn+1 +Fn)Fn +Fn+1Fn−1

=
b(Fn+1)

2 +2Fn+1Fn

bFn+1Fn +(Fn)2 +Fn+1Fn−1

as needed.

3 The middle b-noise in convergents toward the
ath metallic ratio
What do we mean by the middle b-noise? Comparing

[a, . . . ,a︸ ︷︷ ︸
n-times

,b,a, . . . ,a︸ ︷︷ ︸
n-times

] and [a, . . . ,a︸ ︷︷ ︸
n-times

,a,a, . . . ,a︸ ︷︷ ︸
n-times

],

we wonder how much difference b 6= a would cause. In this section, we will
formulate the middle b-noise in different ways.
Remark 4. It is well-known that the the infinite continued fraction [1,1,1, . . .]
converges to the golden ratio. Moreover, [2,2,2, . . .] and [3,3,3, . . .] also converge,
and those values are called the silver and the bronze ratios respectively. In
fact, the infinite continued fraction [a,a,a, . . .] converges for each a ∈ Z+. In
particular,

[a,a,a, · · · ] = a+
√

a2 +4
2

,

and its value is called the ath metallic ratio.
Note that [a, . . . ,a︸ ︷︷ ︸

n-times

] =
Fn+1
Fn

is called the nth convergent of [a,a,a, · · · ]. In Theorem

5 and Corollary 6, we first view
[a, . . . ,a︸ ︷︷ ︸

n-times

,b,a, . . . ,a︸ ︷︷ ︸
n-times

] = [a, . . . ,a︸ ︷︷ ︸
n-times

, [b,a, . . . ,a︸ ︷︷ ︸
n-times

]]

as [a, . . . ,a︸ ︷︷ ︸
n-times

] attached with a [b,a, . . . ,a︸ ︷︷ ︸
n-times

] tail part, and formulate how much the

tail part alters the value of [a, . . . ,a︸ ︷︷ ︸
n-times

].

Theorem 5. If n ∈ N and a,b ∈ Z+, then

[a, . . . ,a︸ ︷︷ ︸
n-times

,b,a, . . . ,a︸ ︷︷ ︸
n-times

] =
Fn+1

Fn +
(−1)n

bFn+1+2Fn

Proof. To further rearrange the formula in Lemma 3, we simply apply Cassini’s
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identity to replace Fn+1Fn−1 with (Fn)
2 +(−1)n and obtain

[a, . . . ,a︸ ︷︷ ︸
n-times

,b,a, . . . ,a︸ ︷︷ ︸
n-times

] =
b(Fn+1)

2 +2Fn+1Fn

bFn+1Fn +(Fn)2 +(Fn)2 +(−1)n

=
Fn+1(bFn+1 +2Fn)

Fn(bFn+1 +2Fn)+(−1)n =
Fn+1

Fn +
(−1)n

bFn+1+2Fn

as needed.

From Theorem 5, It is easy to see that [a, . . . ,a︸ ︷︷ ︸
n-times

,b,a, . . . ,a︸ ︷︷ ︸
n-times

] still converges to the

ath metallic ratio as n goes to infinity. Indeed, the [b,a, . . . ,a︸ ︷︷ ︸
n-times

] tail part does not

change the convergents in the long run since (−1)n

bFn+1+2Fn
tends to vanish as n

goes to infinity.
How about the difference in value between [a, . . . ,a︸ ︷︷ ︸

n-times

, [b,a, . . . ,a︸ ︷︷ ︸
n-times

]] and [a, . . . ,a︸ ︷︷ ︸
n-times

] by

subtraction? Instead of running into the unpleasant algebra of arranging a
common denominator for

[a, . . . ,a︸ ︷︷ ︸
n-times

,b,a, . . . ,a︸ ︷︷ ︸
n-times

]− [a, . . . ,a︸ ︷︷ ︸
n-times

] =
Fn+1

Fn +
(−1)n

bFn+1+2Fn

− Fn+1

Fn
,

we take the difference of their reciprocals since they already have the same
denominator.
Corollary 6. If n ∈ N and a,b ∈ Z+, then

[0,a, . . . ,a︸ ︷︷ ︸
n-times

,b,a, . . . ,a︸ ︷︷ ︸
n-times

]− [0,a, . . . ,a︸ ︷︷ ︸
n-times

] =
(−1)n

Fn+1(bFn+1 +2Fn)
.

Proof.

[0,a, . . . ,a︸ ︷︷ ︸
n-times

,b,a, . . . ,a︸ ︷︷ ︸
n-times

]− [0,a, . . . ,a︸ ︷︷ ︸
n-times

] =
1

[a, . . . ,a︸ ︷︷ ︸
n-times

,b,a, . . . ,a︸ ︷︷ ︸
n-times

]
− 1

[a, . . . ,a︸ ︷︷ ︸
n-times

]

=
Fn +

(−1)n

bFn+1+2Fn

Fn+1
− Fn

Fn+1
=

(−1)n

Fn+1(bFn+1 +2Fn)
.

Secondly, we view [a, . . . ,a︸ ︷︷ ︸
n-times

,b,a, . . . ,a︸ ︷︷ ︸
n-times

] as [a, . . . ,a︸ ︷︷ ︸
n-times

,a,a, . . . ,a︸ ︷︷ ︸
n-times

] disturbed by the

middle b-noise. Instead of comparing their actual difference, we again compare
the difference of their reciprocals.
Corollary 7. If n ∈ N and a,b ∈ Z+, then

[0,a, . . . ,a︸ ︷︷ ︸
n-times

,b,a, . . . ,a︸ ︷︷ ︸
n-times

]− [0, a, . . . . . . ,a︸ ︷︷ ︸
(2n+1)-times

] =
(−1)n(a−b)

(aFn+1 +2Fn)(bFn+1 +2Fn)
.

Proof. We prepare algebra rearrangements of 1
[a, . . . ,a︸ ︷︷ ︸

n-times

,b,a, . . . ,a︸ ︷︷ ︸
n-times

]
and 1

[a, . . . . . . ,a︸ ︷︷ ︸
(2n+1)-times

]
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separately before taking the subtraction. First, from Theorem 5 we have

1
[a, . . . ,a︸ ︷︷ ︸

n-times

,b,a, . . . ,a︸ ︷︷ ︸
n-times

]
=

Fn +
(−1)n

bFn+1+2Fn

Fn+1
=

(Fn +
(−1)n

bFn+1+2Fn
)(Fn+2 +Fn)

Fn+1(Fn+2 +Fn)

=
[Fn+2Fn +(Fn)

2]+
(−1)n(Fn+2+Fn)

bFn+1+2Fn

Fn+1(Fn+2 +Fn)
.

Secondly, we want to rewrite 1
[a, . . . . . . ,a︸ ︷︷ ︸
(2n+1)-times

] =
F2n+1
F2n+2

. Applying Honsberger’s identity

on both F2n+1 and F2n+2 and using Cassini’s identity to replace (Fn+1)
2 with

Fn+2Fn − (−1)n+1 give
F2n+1

F2n+2
=

F(n+1)+n

F(n+1)+(n+1)
=

(Fn+1)
2 +(Fn)

2

Fn+1Fn+2 +FnFn+1
=

[Fn+2Fn +(Fn)
2]− (−1)n+1

Fn+1(Fn+2 +Fn)
.

Notice that [Fn+2Fn +(Fn)
2] in their numerators directly cancel each other in

the subtraction. We continue simplify their difference and obtain
(−1)n(Fn+2+Fn)

bFn+1+2Fn
+(−1)n+1

Fn+1(Fn+2 +Fn)
=

(−1)n
(

aFn+1+2Fn
bFn+1+2Fn

−1
)

Fn+1(aFn+1 +2Fn)
=

(−1)n (a−b)Fn+1
bFn+1+2Fn

Fn+1(aFn+1 +2Fn)

=
(−1)n(a−b)

(aFn+1 +2Fn)(bFn+1 +2Fn)

as needed.

Putting Corollary 6 and Corollary 7 together, not only did the similarity between
the formulas interest us but also the role of the a−b term in Corollary 7. If
we consider b → ∞, then we are no longer restricted to their reciprocals. We
include our observations in the next remark.
Remark 8. The difference between [a, . . . ,a︸ ︷︷ ︸

n-times

,b,a, . . . ,a︸ ︷︷ ︸
n-times

] and [a, . . . ,a︸ ︷︷ ︸
n-times

] is indepen-

dent of the distance between a and b. In fact, as b goes to infinity, the difference
goes to 0. In particular, we have

lim
b→∞

[a, . . . ,a︸ ︷︷ ︸
n-times

,b,a, . . . ,a︸ ︷︷ ︸
n-times

]− [a, . . . ,a︸ ︷︷ ︸
n-times

] = lim
b→∞

[a, . . . ,a︸ ︷︷ ︸
n-times

+
1

b+X
]− [a, . . . ,a︸ ︷︷ ︸

n-times

]

= [a, . . . ,a︸ ︷︷ ︸
n-times

]− [a, . . . ,a︸ ︷︷ ︸
n-times

] = 0,

where X = [0,a, . . . ,a︸ ︷︷ ︸
n-times

]. Moreover, the limit is the same regardless the value of X .

On the contrary, the difference between [a, . . . ,a︸ ︷︷ ︸
n-times

,b,a, . . . ,a︸ ︷︷ ︸
n-times

] and [ a, . . . . . . ,a︸ ︷︷ ︸
(2n+1)-times

] is

obviously dependent on the distance between a and b. Moreover, we have
(i) lim

b→∞
[a, . . . ,a︸ ︷︷ ︸

n-times

,b,a, . . . ,a︸ ︷︷ ︸
n-times

]− [ a, . . . . . . ,a︸ ︷︷ ︸
(2n+1)-times

] =
(−1)nFn+1

F2n+1Fn
.
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(ii) lim
b→∞

[0,a, . . . ,a︸ ︷︷ ︸
n-times

,b,a, . . . ,a︸ ︷︷ ︸
n-times

]− [0, a, . . . . . . ,a︸ ︷︷ ︸
(2n+1)-times

] =
(−1)n+1

F2n+2
.

Proof. Apply the limits. We are indeed computing Fn+1
Fn

− F2n+2
F2n+1

and Fn
Fn+1

−
F2n+1
F2n+2

for (i) and (ii) respectively. From d’Ocagne’s identity with m = 2n+ 1,
F2n+1Fn+1 −F2n+2Fn = (−1)nFn+1. We immediately have

Fn+1

Fn
− F2n+2

F2n+1
=

F2n+1Fn+1 −F2n+2Fn

F2n+1Fn
=

(−1)nFn+1

F2n+1Fn

and
Fn

Fn+1
− F2n+1

F2n+2
=

F2n+2Fn −F2n+1Fn+1

F2n+2Fn+1
=

(−1)n+1Fn+1

F2n+2Fn+1
=

(−1)n+1

F2n+2

as needed.

Alternately, both (i) and (ii) can be obtained without d’Ocagne’s identity. Using
Honsberger’s identity, it is easy to see that F2n+2 = (aFn+1 +2Fn)Fn+1. (fn. 4)
From Corollary 7, we have

lim
b→∞

[0,a, . . . ,a︸ ︷︷ ︸
n-times

,b,a, . . . ,a︸ ︷︷ ︸
n-times

]− [0, a, . . . . . . ,a︸ ︷︷ ︸
(2n+1)-times

] = lim
b→∞

(−1)n(a−b)
(aFn+1 +2Fn)(bFn+1 +2Fn)

=
(−1)n(−1)

(aFn+1 +2Fn)Fn+1
=

(−1)n+1

F2n+2
,

which is (ii). With (ii) and a simple move in algebra, we can obtain (i). (fn. 5)
In the end of this section, we introduce some terminology connected to the
first three metallic ratios. Recall that [a, . . . ,a︸ ︷︷ ︸

n-times

] =
Fn+1
Fn

, where Fn denotes the

nth a-Fibonacci number, converges to the golden, the silver, and the bronze
ratio when a = 1,2,3 respectively. As 1-Fibonacci numbers are the original
ones, 2-Fibonacci and 3-Fibonacci numbers are also called the silver and the
bronze Fibonacci numbers respectively. More interestingly for n ∈ Z+, the
nth 2-Fibonacci number coincides with the nth Pell number. Pell numbers
are named after John Pell, since they appear in the study of Pells equations
x2 −2y2 =∓1. (fn. 6) In particular, the odd terms of the sequence of ordered
pairs defined recursively as

(xn,yn) :=


(1,1) for n = 1
(3,2) for n = 2
2(xn−1,yn−1)+(xn−2,yn−2) for n ≥ 2

4. In particular, F2n+2 = Fn+1Fn+2 +FnFn+1 = (Fn+2 +Fn)Fn+1 = (aFn+1 +2Fn)Fn+1.
5. Fn+1

Fn
− F2n+2

F2n+1
=−Fn+1

Fn

F2n+2
F2n+1

( Fn
Fn+1

− F2n+1
F2n+2

) =−Fn+1
Fn

F2n+2
F2n+1

(−1)n+1

F2n+2
=

(−1)nFn+1
FnF2n+1

.
6. Unfortunately, Euler erroneously attributed another English mathematician Lord

William V. Brouncker’s work to John Pell, who had negligible contribution to the study.
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are solutions to x2−2y2 =−1, and those even terms are solutions to x2−2y2 = 1.
Note that yn defined above is called the nth Pell number, and it indeed matches
the nth 2-Fibonacci number. (fn. 7) With the original Fibonacci numbers, Pell
numbers, and the bronze Fibonacci numbers, we present some nice identities in
the next remark. (fn. 8)
Remark 9. Let Fn, Pn, Bn denote the nth Fibonacci number, Pell number,
bronze Fibonacci number respectively. Then we have

(i) [1, . . . ,1︸ ︷︷ ︸
n-times

,3,1, . . . ,1︸ ︷︷ ︸
n-times

] =
Fn+4Fn+1

(Fn+2)2 .

(ii) [2, . . . ,2︸ ︷︷ ︸
n-times

,4,2, . . . ,2︸ ︷︷ ︸
n-times

] =
2Pn+2Pn+1

(Pn+1 +Pn)2 .

(iii) [3, . . . ,3︸ ︷︷ ︸
n-times

,5,3, . . . ,3︸ ︷︷ ︸
n-times

] = 1+
4(Bn+1)

2 − (Bn)
2

(Bn+1 +Bn)2 .

Proof. (i) is already proved in [4, 6]. Note that in the computation of (ii) and
(iii), we will be using a simple identity that aFn+1Fn +Fn+1Fn−1 = (Fn+1)

2 for
a = 2 and a = 3 respectively.
To see (ii), we take the formula from Lemma 3 with a = 2 and b = 4. In the case
of a = 2, we will be using Fn+2 = 2Fn+1+Fn recursively. Recall that 2-Fibonacci
numbers and Pell numbers coincide, that is, Fn = Pn when a = 2. Consequently,
we have

[2, . . . ,2︸ ︷︷ ︸
n-times

,4,2, . . . ,2︸ ︷︷ ︸
n-times

] =
4(Pn+1)

2 +2Pn+1Pn

4Pn+1Pn +(Pn)2 +Pn+1Pn−1

=
2Pn+1(2Pn+1 +Pn)

2Pn+1Pn +(Pn)2 +2Pn+1Pn +Pn+1Pn−1

=
2Pn+1Pn+2

2Pn+1Pn +(Pn)2 +(Pn+1)2 =
2Pn+1Pn+2

(Pn+1 +Pn)2

as needed.
To see (iii), we take the formula from Lemma 3 with a = 3 and b = 5. In the
case of a = 3, we will be using Fn+2 = 3Fn+1 +Fn recursively. Recall that a
3-Fibonacci number is also called the bronze Fibonacci number, that is, Fn = Bn

7. See [2, Chapter 2] for more details.
8. It is a remark because we cannot claim they are all our discoveries. In particular, we

contributed a proof to (i) while the closed-form expression was already given in [3]. Similarly,
we provide a proof for (ii), but the closed-form expression is suggested by our referees.
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when a = 3. Consequently, we have

[3, . . . ,3︸ ︷︷ ︸
n-times

,5,3, . . . ,3︸ ︷︷ ︸
n-times

] =
5(Bn+1)

2 +2Bn+1Bn

5Bn+1Bn +(Bn)2 +Bn+1Bn−1

=
4(Bn+1)

2 +(Bn+1)
2 +2Bn+1Bn

2Bn+1Bn +(Bn)2 +3Bn+1Bn +Bn+1Bn−1

=
4(Bn+1)

2 +(Bn+1 +Bn)
2 − (Bn)

2

2Bn+1Bn +(Bn)2 +(Bn+1)2

=
4(Bn+1)

2 +(Bn+1 +Bn)
2 − (Bn)

2

(Bn+1 +Bn)2

= 1+
4(Bn+1)

2 − (Bn)
2

(Bn+1 +Bn)2

as needed.

4 Two approaches to the same closed-form ex-
pression

While [1, . . . ,1︸ ︷︷ ︸
n-times

,3,1, . . . ,1︸ ︷︷ ︸
n-times

] =
Fn+4Fn+1
(Fn+2)2 is the original inspiration for this paper, it

is worthwhile to briefly address the key idea in two other approaches that we
know of.
In [4], Juniata Problem Solving Group observed how a continued fraction
is evaluated and noticed the computation went “flipping the bottom value”
and “adding 1” repeatedly. We therefore defined a function f (x) := 1+ 1

x that
represented the evaluating process. For example, [1,1,1,x] = f ( f ( f (x)))= f (3)(x).
We showed f (n)(x) = xFn+1+Fn

xFn+Fn−1
and used it to compute

[1,1, . . . ,1︸ ︷︷ ︸
n-times

,3,1,1, . . . ,1︸ ︷︷ ︸
n-times

] = f (n)(2+ f (n)(1)).

On the other hand, Walther Janous in [6] used

[1,1, . . . ,1︸ ︷︷ ︸
n-times

] =
Fn+1

Fn
and

[
1 1

1 0

]n

=

[
Fn+1 Fn

Fn Fn−1

]

to compute the entries in the first column of
[

1 1

1 0

]n[
3 1

1 0

][
1 1

1 0

]n

. It worked

elegantly because of the connection between

[a1,a2, . . . ,an] =
Pn

Qn
and

n

∏
i=1

[
ai 1

1 0

]
=

[
Pn Pn−1

Qn Qn−1

]
.

More information regarding the matrix representation of continued fractions
and their convergents can be found in [1].
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1 Background
Action graphs emerged from work of Bergner and Hackney on category actions
in the context of Reedy categories [4]. Alvarez, Bergner, and Lopez showed
that action graphs could be inductively generated without reference to category
actions, and they proved that the number of vertices added to An is the n-th
Catalan number [2].
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Definition 1.1 ([2]). The sequence of action graphs {An} is defined induc-
tively. Action graph A0 is one vertex labeled 0 with no edges. Construct Ak+1
from Ak by considering each vertex v in Ak. For each path from v to a vertex
labeled k in Ak, add a new edge with source v to a new target vertex labeled
k+1. Note that trivial paths are included in the paths considered from vertex
v.
The first few graphs can be seen in Figure 1.

0 0 1 0 1

22

0 1

22

3 3

3

3

3

Figure 1: Action Graphs A0 through A3, with new edges and vertices highlighted

Definition 1.2. The Catalan numbers are a sequence of natural numbers
given by

C0 = 1, Cn =
n−1

∑
i=0

CiCn−1−i =

(
2n
n

)
1

n+1
.

The first few numbers of the sequence are 1,1,2,5, and 14.
The action graphs in [2] were further generalized in [3] by Cressman, Lin,
Nguyen, and Wiljanen, who showed that the Fuss-Catalan numbers have a
similar relation to another set of inductively defined directed graphs. The
Fuss-Catalan numbers are a generalization of the Catalan numbers.

Definition 1.3 ([1], A14). The Fuss-Catalan numbers are defined by

Cn,k = ∑
n1+n2+···+nk+1=n−1

k+1

∏
i=1

Cni,k =

(n(k+1)
n

)
kn+1

.

The sequence of the Fuss-Catalan numbers when k= 2, that is Cn,2, is 1,1,3,12,55, . . ..
Observe that the Fuss-Catalan numbers agree with the Catalan numbers when
k = 1, that is Cn,1 =Cn.
Cressman et al. expanded on the work of Alvarez, Bergner, and Lopez, de-
veloping new action graphs for the Fuss-Catalan numbers, which they called
generalized action graphs [3].

Definition 1.4. [3] The generalized action graphs Tn,k for the Fuss-Catalan
numbers Cn,k are defined inductively. For all k, T0,k is one vertex labeled 0 with
no edges. Construct Tn,k from Tn−1,k by considering each vertex v in Tn−1,k. For
each path of length ` from v to a vertex labeled n−1 in Tn−1,k, add

(`+k−1
`

)
new

vertices labeled n and new edges from v to each of those new target vertices.
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0
C0,2 = 1

0
C1,2 = 1

1 0
C2,2 = 3

1

22 2 0

C3,2 = 12

1

22 2

33 3

3

3
3

3
3

3 3 3
3

Figure 2: Generalized Action Graphs T0,2 through T3,2

Cressman et al. prove that the number of new vertices added to the generalized
action graph Tn,k is the Fuss-Catalan number Cn,k.
In this paper, we first discuss our notion of generalized action graphs. Then,
in Sections 2, 3, 4, and 5, we consider several other sequences related to the
Catalan numbers, namely (a,b)−Catalan numbers, Catalan’s triangle, internal
triangles, and super Catalan numbers respectively. We show action graphs can-
not be generalized to Catalan’s triangle, (a,b)−Catalan numbers, nor internal
triangles. We also conjecture a method for constructing action graphs for the
super Catalan numbers.

1.1 Conventions and notation.
We use the following conventions for descendent and subtree in this paper.

Definition 1.5. A descendent of a vertex v in a directed graph is any vertex
w such that there is a directed path from v to w. For a rooted tree T and a
vertex v of T , the subtree of T with root v is the induced subgraph of vertex
v and its descendants.
Because generalized action graphs can easily become unwieldy in size, we
introduce the following condensed notation to ease bookkeeping.
Since generalized action graphs have many identical subgraphs with the same
labels, we collapse them. For an edge from a vertex labeled k to a vertex labeled
n, the multiplier, ×m, indicates the number of such edges from a vertex labeled
k to vertices labeled n in the original graph. For a vertex in the condensed
form, we can find the number of vertices it represents in the standard form by
multiplying the labels along the path from the root to that vertex. For example,
the upper right vertex labeled 2 in the condensed graph in Figure 3 represents
the 2×2 = 4 vertices labeled 2 that come off of the two vertices labeled 1 in
the original graph.

0 11

2

22

2 22

0 1

2 2

×2
×2×2

Figure 3: A directed rooted tree in standard and condensed form



92 BSU Undergraduate Mathematics Exchange Vol. 18, No. 1 (Fall 2024)

As in Figure 3, we will sometimes change the color and shape of vertices in
examples. This is intended only to highlight existing structure in the graphs,
not to indicate any additional graph coloring or labeling.
This paper will reference the sequences given in Table 1.

Name Notation & Definition Number Sequence
Catalan numbers Cn =

(2n
n

) 1
n+1 1,1,2,5,14, . . .

Fuss-Catalan numbers Cn,k =
1

kn+1

(n(k+1)
n

) k = 1: 1,1,2,5,14, . . .

k = 2: 1,1,3,12,55, . . .

Catalan’s triangle C(n,k) = n−k+1
n+1

(n+k
k

)
Table 2

(a,b)−Catalan numbers Cat(a,b) = 1
a+b ·

(a+b
a

)
Table 3

Weak (a,b)−Catalan numbers cat(a,b) = 1
a+b ·

(a+b
a

)
Definition 2.2

Internal triangles t(n) = (n+2)Cn−1 −2Cn 2,14,72, . . .

Super Catalan numbers S(m,n) = (2m)!(2n)!
m!n!(m+n)!

m = 0: 1,2,6,20,70,. . .
m = 1: 2,2,4,10,28, . . .

Table 1: A table of sequences referenced in this paper.

1.2 Generalized action graph properties
We expand on the work of [3] by investigating whether similar graphs can be
constructed for other sequences. Action graphs corresponding to the Catalan
numbers and the Fuss-Catalan numbers have been defined, but there does not
exist a general solution for any sequence of numbers in the literature. Based on
the previous work on this topic, we define three axioms that describe generalized
action graphs and explore some of the properties of such graphs.

Definition 1.6. The sequence {Gn} of generalized action graphs for a
particular sequence {sn} of positive integers is a sequence of directed, labeled
graphs such that:
Axiom 1 We define G0 as the graph with s0 vertices labeled 0 and no edges.

We construct Gn from Gn−1 by adding sn new vertices, which are each
labeled n.

Axiom 2 For vertex v in Gn, the subtree of Gn with root v is isomorphic to some
Gk such that k ≤ n.

Axiom 3 All leaves in the graph Gn have label n.
Based on these axioms, some necessary conditions for generalized action graphs
follow.
Lemma 1. In order for a sequence {sn}n≥0 to form a valid sequence of gener-
alized action graphs, it must have the property that s0 = 1.

Proof. Assume that {sn} has the property that s0 6= 1. Then, G0 would have
multiple nodes labeled 0. If we consider the subtree rooted at any one of those
0 nodes in G0, that subtree will contain just a single node, and therefore is not
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isomorphic to a generalized action graph in the sequence, which violates Axiom
2. Therefore, any sequence that has s0 6= 1 cannot have valid generalized action
graphs.

Lemma 2. In order for a sequence {sn}n≥0 to form a valid sequence of gener-
alized action graphs, it must satisfy s2 ≥ s2

1.

Proof. By Lemma 1, s0 = 1, and thus G0 is a single node labeled 0. Suppose
for contradiction that s1 = a and s2 = b such that a2 > b. To create G1, we add
s1 new leaves labeled 1. So G1 has a total of a new nodes labeled 1 with edges
from the single node labeled 0. Axiom 2 implies that in all future generalized
action graphs, each node with path length zero to the newest node will result
in a new nodes.
To create G2, we will add s2 nodes labeled 2. However, as stated above, each
node labeled 1 will result in a new nodes labeled 2. This forces a2 nodes labeled
2 to be added to the graph, which is greater than our allowed s2 = b nodes
labeled 2. Therefore, in order for a generalized action graph to exist, it must be
that s2 ≥ s2

1.

The following example gives a more visual representation of the property
described by Lemma 2.

Example 3. Consider a sequence {an} given by 1,4,14,48, . . ..
Since a0 = 1, this creates a single node on the first step labeled as 0. Then,
since a1 = 4, four nodes labeled with 1 have edges from the node labeled 0, which
sets the precedent (by Axiom 2) that new nodes get four new leaves in the next
step. Then, in the third step, since the most recently added nodes are known to
receive four new nodes as descendants, we conclude that there should be at least
16 nodes labeled 2. However, a2 = 14. If we add 16 nodes, then the graph will
not satisfy Axiom 1.

0 0 1

11

1 0 1

11

1 2
2

22
22222222

22
2
2

2 (a,b)−Catalan numbers
A sequence of numbers that is closely related the Catalan numbers is the
sequence of (a,b)−Catalan numbers.

Definition 2.1. [1, A16] For relatively prime integers a ≥ 0 and b ≥ 0, the
(a,b)−Catalan number, denoted Cat(a,b), is given by:

Cat(a,b) =
1

a+b
·
(

a+b
a

)
=

(a+b−1)!
a!b!

.

Notice that the definition of an (a,b)−Catalan number requires that a and
b be relatively prime integers. In order to assist in some of our exploration
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and calculations, it is useful to drop the relatively prime requirement. For
non-negative integers a and b, we define a generalization of the (a,b)−Catalan
numbers that we call weak (a,b)−Catalan numbers. As far as we are aware, this
sequence has not previously been studied.

Definition 2.2. For any non-negative integers a and b that are not both zero,
the weak (a,b)−Catalan number is given by

cat(a,b) =
1

a+b
·
(

a+b
a

)
.

Remark 4. An important difference between standard (a,b)−Catalan num-
bers, Cat(a,b), and weak (a,b)−Catalan numbers, cat(a,b), is that a standard
(a,b)−Catalan number will always be an integer, while a weak (a,b)−Catalan
number may not be an integer.
Example 5. Notice that a = 3 and b = 6 are not relatively prime numbers. We
compute the weak (a,b)−Catalan number

cat(3,6) =
(3+6−1)!

3!6!
=

8!
3!6!

=
28
3
.

For the remainder of this paper, when we refer to an (a,b)−Catalan number,
we will mean the more general weak (a,b)−Catalan number.

2.1 Properties of (a,b)−Catalan numbers
We will discuss some important properties of (a,b)−Catalan numbers, including
how they are connected to the Fuss-Catalan and Catalan numbers.
Observe that for any a and b, cat(a,b) = cat(b,a) since

cat(a,b) =
(a+b−1)!

a!b!
=

(b+a−1)!
b!a!

= cat(b,a). (2. A)

Next, we will see the connection between the Fuss-Catalan numbers and the
(a,b)−Catalan Numbers. Note that cat(n,kn+1) =Cat(n,kn+1) here because
n and kn+1 are relatively prime.

Theorem 6. [1, A16a] For all n ≥ 0 and k ∈ N,
cat(n,kn+1) =Cn,k.

Proof. Recall that Cn,k =
1

(kn+1) ·
(n(k+1)

n

)
. Then, consider that

Cn,k =
1

(kn+1)

(
n(k+1)

n

)
=

1
kn+1

· (n(k+1))!
n! · (n(k+1)−n)!

=
(nk+n)!

n! · (nk+1)!
.

Now, notice that

cat(n,kn+1) =
(n+(kn+1)−1)!

n!(kn+1)!
=

(nk+n)!
n!(nk+1)!

.

Thus, cat(n,kn+1) =Cn,k for all n ≥ 0 and k ∈ N.

Corollary 7 ties the (a,b)−Catalan numbers in with the Catalan numbers. This
result can be observed using the previous theorem and the connection between
the Fuss-Catalan numbers and Catalan numbers, Cn,1 =Cn.
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Corollary 7. [1, A16a] For all n ≥ 0,
cat(n,n+1) =Cn.

To assist in proving Proposition 9, we state the following lemma.

Lemma 8. For a ∈ N, cat(a,1) = cat(1,a) = 1.

Proof. Let a ∈ N. By definition of (a,b)-Catalan number:

cat(a,1) =
(a+1−1)!

a! ·1!
=

a!
a!

= 1.

Applying Equation (2. A), cat(a,1) = cat(1,a) = 1.

Our goal is to explore whether we can make generalized action graphs for
the (a,b)−Catalan numbers. The following proposition will assist us in that
exploration.
Proposition 9. For all n ≥ 4,

n2 · cat(n+1,1)2 > n · cat(n+2,2).

Proof. We will prove this proposition using induction.
For the base case, consider n = 4. We have 42cat(5,1)2 > 4cat(6,2) since
42cat(5,1)2 = 16 and 4cat(6,2) = 14.
Suppose there is some k ≥ 4 such that k2 · cat(k+ 1,1)2 > k · cat(k+ 2,2). By
Lemma 8, we know that cat(a,1) = 1 for any a ∈ N. So, we have

k2 > k · cat(k+2,2).
Since k > 0, the above equation gives k > cat(k + 2,2), which implies that
k · k+4

k+3 > cat(k+2,2) · k+4
k+3 . Note that by definition:

cat(k+2,2) · k+4
k+3

=
(k+3)!
(k+2)!2!

· k+4
k+3

=
(k+4)!
(k+3)!2!

= cat(k+3,2).

So, we have k · k+4
k+3 > cat(k+3,2).

Note that m2 +4m+3 > m2 +4m for any m ∈ N. Since
(m+1)(m+3) = m2 +4m+3 > m2 +4m = m(m+4),

we can conclude that m+1 > m · m+4
m+3 . Thus the same is true for k, that is

k+1 > k · k+4
k+3

> cat(k+3,2).

Since cat(k+2,1)2 = 12 = 1 by Lemma 8, we know
k+1 = (k+1) · cat(k+2,1)2,

and therefore (k+1) · cat(k+2,1)2 > cat(k+3,2), which implies
(k+1)2 · cat(k+2,1)2 > (k+1) · cat(k+3,2).

This finishes the inductive step.

The following two lemmas provide other properties of (a,b)−Catalan numbers.

Lemma 10. For any non-negative integers a and b,

cat(a,b) = cat(a,b−1)+
a−1

a
cat(a−1,b).
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Proof. We can use the definition of the (a,b)−Catalan numbers and simplify:

cat(a,b−1)+
a−1

a
cat(a−1,b) =

(a+b−2)!
a!(b−1)!

+
a−1

a
(a+b−2)!
(a−1)!b!

=
b(a+b−2)!

a!b!
+

(a−1)(a+b−2)!
a!b!

=
(a+b−2)!(b+(a−1))

a!b!

=
(a+b−1)!

a!b!

=
1

a+b
(a+b)!

a!b!
= cat(a,b).

Lemma 11. For any integer n ≥ 2,

cat(3,n) = cat(3,n−1)+
n+1

3
.

Proof. We will proceed by induction. As a base case, consider n = 2. We have

cat(3,2) = 2 = 1+
2+1

3
= cat(3,2−1)+

2+1
3

.

Assume for some k ≥ 2 that cat(3,k) = cat(3,k−1)+ k+1
3 . Then consider,

cat(3,k+1) =
1

3+ k+1
(3+ k+1)!
3!(k+1)!

(def of (a,b)−Catalan)

=
k2 +5k+6

3!

=
(k+1)k

3!
+

4k+6
3!

=
(k+1)(k)

3!
+

2k+3
3

=
1

k+2
(k+2)!

3!(k−1)!
+

2k+3
3

=
1

3+ k−1
(3+ k−1)!
3!(k−1)!

+
2k+3

3

= cat(3,k−1)+
k+1

3
+

k+2
3

(def of (a,b)−Catalan)

= cat(3,k)+
k+2

3
(inductive hypothesis)

= cat(3,(k+1)−1)+
(k+1)+1

3
.

Thus the inductive step holds, and our desired result follows.

Observe that for arbitrary integers a and b, the weak (a,b)-Catalan number
cat(a,b) is generally a fraction. However, action graphs are constructed based
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on whole number sequences. Therefore, we will introduce Catalan’s triangle as
a sequence that is closely related to the (a,b)-Catalan numbers, as described in
Lemma 12, but whose entries are whole numbers.

3 Catalan’s triangle

Another construction of numbers related to the Catalan numbers is Catalan’s
triangle.

Definition 3.1 ([6]). Catalan’s triangle has entries denoted C(n,k) that are
defined as follows for integers n and k with n ≥ k ≥ 0:

C(n,k) =
n− k+1

n+1

(
n+ k

k

)
.

We compute the entries of Catalan’s triangle up to n = 8 in Table 2.

n

k
0 1 2 3 4 5 6 7 8

0 1
1 1 1
2 1 2 2
3 1 3 5 5
4 1 4 9 14 14
5 1 5 14 28 42 42
6 1 6 20 48 90 132 132
7 1 7 27 75 165 297 429 429
8 1 8 35 110 275 572 1001 1430 1430

Table 2: A table of Catalan’s triangle

We make the following observations about the entries of Catalan’s triangle:
(i) C(n,0) = 1, for n ≥ 0.
(ii) C(n,1) = n, for n ≥ 1.
(iii) C(n+1,k) =C(n+1,k−1)+C(n,k), for 1 < k < n+1.
(iv) C(n+1,n+1) =C(n+1,n), for n ≥ 1.

Because Catalan’s triangle is an array rather than a sequence, there are many
ways to create sequences from the entries. We consider building generalized
action graphs for the sequences that arise as columns, rows, and diagonals of
the triangle. We will describe these results in Section 3.2, after we have shown
the relationship between Catalan’s triangle and the (a,b)−Catalan numbers.
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3.1 Relation to (a,b)-Catalan numbers
In this section, we will show that there is an interesting connection between the
(a,b)−Catalan numbers and Catalan’s triangle.

Lemma 12. If a ≥ b ≥ 0 and a ≥ 1, then C(a−1,b) = (a−b)cat(a,b).

Proof. Consider that for a Catalan’s triangle entry C(a−1,b),

C(a−1,b) =
a−b

a

(
a+b−1

b

)
=

a−b
a

· (a+b−1)!
b!(a−1)!

=
(a−b)(a+b−1)!

b!a!
= (a−b)cat(a,b).

This leads to some methods for concluding whether generalized action graphs
can be formed for these sequences. First, we look at a consequence of Lemma
12.

Lemma 13. Any (a,b)−Catalan number with a 6= b can be written as a fraction
with denominator |a−b|. In particular, when a > b,

cat(a,b) =
C(a−1,b)

a−b
.

Proof. Recall from Equation (2. A) that cat(a,b) = cat(b,a). Without loss
of generality, let a > b. By Lemma 12, (a− b) · cat(a,b) = C(a− 1,b). Then
cat(a,b) = C(a−1,b)

a−b , where C(a−1,b) and a−b are whole numbers.

To demonstrate this re-writing of (a,b)−Catalan numbers, we have Table 3.
Note that the diagonals represent where the differences in a and b are the same,
and so they are written with the same denominators.

As previously noted, the weak (a,b)−Catalan numbers are frequently fractions
rather than whole numbers. It is unclear to us what a fractional number of
vertices should mean, so we will not try to directly construct generalized action
graphs for this sequence. Instead, we will focus on the numerators in Table
3, which, as a result of the preceding lemmas, are Catalan’s triangle numbers.
Observe that the numerators of Table 3 are exactly the entries in Table 2.

3.2 Generalized action graphs for (a,b)−Catalan numbers
and Catalan’s triangle
In this section we will find that generalized action graphs for the most part
cannot be made for sequences built from Catalan’s triangle, and equivalently
the numerators of the (a,b)−Catalan numbers. We will explore the columns,
rows, and diagonals of Catalan’s triangle.
First, we will consider the columns.
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a

b
0 1 2 3 4 5 6 7 8

1 1/1
2 1/2 1/1
3 1/3 2/2 2/1
4 1/4 3/3 5/2 5/1
5 1/5 4/4 9/3 14/2 14/1
6 1/6 5/5 14/4 28/3 42/2 42/1
7 1/7 6/6 20/5 48/4 90/3 132/2 132/1
8 1/8 7/7 27/6 75/5 165/4 297/3 429/2 429/1
9 1/9 8/8 35/7 110/6 275/5 572/4 1001/3 1430/2 1430/1

Table 3: (a,b)−Catalan Numbers

Proposition 14. The columns of Catalan’s triangle do not correspond to
generalized action graphs, except in the case where k = 0.

Proof. The entries of the columns correspond to C(n,k), where k is fixed and n
is iterated. Except for the columns of k = 0 and k = 1, the columns have first
entry greater than 1, since the n = k diagonal is the Catalan numbers. (For
illustration, see Table 2.) By Lemma 1, these columns cannot be used to make a
generalized action graph. For the column where k = 1, notice that it contradicts
Lemma 2, and thus we cannot make a generalized action graph with this column.
Therefore, the sequences made from the columns of Catalan’s triangle cannot
be modeled using (nontrivial) action graphs.
For the column where k = 0, we can make a somewhat trivial generalized action
graph, where only one node is added each step.

Now, we will explore the rows.

Proposition 15. The rows of Catalan’s triangle do not correspond to generalized
action graphs.

Proof. The entries of the rows correspond to C(n,k), where n is fixed and k is
iterated. First, we claim that for nonnegative n, C(n,2)<C(n,1)2. To see this
result, observe

C(n,2) =
n−2+1

n+1

(
n+2

2

)
=

n−1
n+1

· (n+2)!
2!((n+2)−2)!

=
n2 +n−2

2
.

Then by properties of Catalan’s triangle, C(n,1) = n, thus C(n,1)2 = n2. Now,
consider that

n2 +n−2
2

−n2 =
−n2 +n−2

2
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and −n2+n−2
2 < 0 for all n. This implies that

n2 +n−2
2

−n2 =C(n,2)−C(n,1)2 < 0,

and thus C(n,2)<C(n,1)2.
So this means that using the rows to try and formulate generalized action graphs
will lead to a contradiction of Lemma 2, since the second value, C(n,1), when
squared is always more than the third value in the sequence, C(n,2).

Next, we will explore the diagonals. We will consider the i-th diagonal to be
the sequence of entries C(i+ k,k) where k is iterated.

Example 16. The third diagonal in Catalan’s triangle is the sequence
C(3,0),C(4,1),C(5,2),C(6,3), . . . .

Proposition 17. Action graphs cannot be formulated for the i-th diagonal of
Catalan’s triangle when i ≥ 3.

Proof. Consider Proposition 9, which says that
m2 · cat(m+1,1)2 > m · cat(m+2,2)

for all m ≥ 4. Combining this with Lemma 12, which implies that

cat(m+ j, j) =
1
m

C(m+ j−1, j),

we see that
m2 1

m2 C(m+1−1,1)2 > m
1
m

C(m+2−1,2),

and hence
C((m−1)+1,1)2 >C((m−1)+2,2),

for m−1 ≥ 3. This results in a contradiction with Lemma 2, which implies that
we cannot construct generalized action graphs for the i-th diagonal of Catalan’s
triangle for any i ≥ 3.

There still remain two Catalan’s triangle diagonals to consider. The first diagonal
consists of the Catalan numbers, and thus we know they have corresponding
action graphs. Constructing generalized action graphs, or proving they do not
exist, for the second diagonal of Catalan’s triangle remains as future work.

4 Internal Triangles.
One application of the Catalan numbers is counting the number of triangulations
of polygons, using diagonals that do not intersect in the interior of the polygon.
More specifically, for a convex (n+2)-gon Pn+1, the number of triangulations
is given by Cn [1]. There is a sequence related to these triangulations referred
to as the internal triangles, which count the number of ways to draw triangles
within a polygon without using the sides of the polygon.
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Lemma 18 ([1], A5). The total number of internal triangles of a polygon with
n+2 sides is given by

t(n) = (n+2)Cn−1 −2Cn = 2
(

2n−3
n−4

)
.

Via either of these formulas, we can compute t(4) = 2, t(5) = 14, t(6) = 72, and
so on.

Figure 4: t(4) = 2, the number of internal triangles for hexagons.

We will use the term path length rule to refer to the number of new vertices
added to a vertex based on the length of paths from the vertex to a leaf labeled
n. For n ≥ 0, `n denotes the number of new vertices added for each path of
length n.

Theorem 19. The internal triangles cannot be modeled using generalized action
graphs.

Proof. We will use path length rules to show that we cannot build consistent
generalized action graphs beyond t(6). Assume for a contradiction that we
can model the internal triangle numbers using generalized action graphs. To
satisfy Lemma 1, we begin with one vertex labeled 0. We must construct the
subsequent graphs to satisfy the three generalized action graph axioms.
Since t(4) = 2, there is a single trivial path from the zero vertex to itself and
we must have two new vertices labeled 1 coming off of our 0 vertex. So, `0 = 2.
In the next generalized action graph, our `0 rule implies that we add two new
vertices for each trivial path at a vertex labeled 1. Since t(5) = 14, we then
need to add ten additional vertices. Since there are two paths of length 1, we
have `1 = 5. These generalized action graphs are shown below in Figure 5.

0 0 1
×2

0 1

22

×2

×10 ×2
0 1

22

3 3

33 ×2

×10 ×2

×2 ×2

×50 ×10

Figure 5: Attempted generalized action graphs for the internal triangle numbers

To create the next generalized action graph, note that we have fourteen vertices
labeled 2 with trivial edges. By the path length rule `0, we add two vertices
labeled 3 for each vertex labeled 2, giving us 28 new vertices total. We have
four paths of length one starting at vertices labeled 1, and ten paths of length
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one starting at vertex 0. Since `1 = 5, we add 4×5 = 20 new vertices with edges
from the vertices labeled 1 and 10×5 = 50 new vertices with edges from vertex
0. Recall that t(6) = 72, but we already added ninety-eight (28+20+50) new
vertices to this generalized action graph. Because of this contradiction, the
internal triangle numbers cannot be modeled using generalized action graphs.

5 The super Catalan numbers
The super Catalan numbers are a generalized form of the Catalan numbers with
two arguments, m and n.

Definition 5.1 ([1], A17). The super Catalan numbers are defined by

S(m,n) =
(2m)!(2n)!

m!n!(m+n)!
.

When m = 0, the first few numbers in the sequence are 1,2,6,20, and 70.
We wish to construct generalized action graphs for the sequence of super
Catalan numbers where m = 0. In the rest of this section, we will state a method
for constructing a sequence of directed graphs, conjecture that these graphs
are indeed generalized action graphs for the sequence S(0,n), and discuss our
progress towards proving this conjecture.

Definition 5.2. We construct the sequence generalized action graphs,
denoted {Gn}, for the super Catalan numbers as sequence of directed graphs
defined inductively in the following way. The graph G0 is a single vertex labeled
0. To construct Gn+1 from Gn, consider each vertex v in Gn. For each 0 ≤ `≤ n,
add p(v, `) · 2

2`
new vertices labeled n+1 with edges from v, where p(v, `) is the

number of paths of length ` from v to vertices labeled n in Gn.
For an example of the construction of G0, G1, G2, and G3 see Figure 6. Note
that we use the condensed notation introduced in Notation 5.

0 0 1×2 0 1

2 2

×2
×2×2

0 1

2

3

2

3

3 3×2
×2

×2

×2

×2

×4 ×2

Figure 6: Generalized action graphs G0 through G3 for super Catalan numbers

Definition 5.2 satisfies Axiom 3, since each leaf in Gn will be labeled n and will
have a path of length 0 to itself, and thus will have at least two new descendants,
which will be labeled n+1, in Gn+1.

Conjecture 5.2.1. Each graph Gn in the sequence of graphs constructed in
Definition 5.2 satisfies Axiom 1 and Axiom 2.
In support of this conjecture, consider the following example. In Figure 7,
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we use colors to show that each subtree of G3 is isomorphic to a previous
generalized action graph. Because the graphs are drawn in condensed notation,
the multiplier on the edge from the 0 vertex indicates the number of subtrees
that are isomorphic to a previous generalized action graphs. In particular,
considering the subtrees rooted at vertices adjacent to the zero vertex: G3
has two subtrees isomorphic to G2, two subtrees isomorphic to G1, and four
subtrees isomorphic to G0, each with the labels of their vertices shifted up by
an appropriate amount.

0 0 1×2 0 1

2 2

×2
×2×2

0 1

2

3

2

3

3 3×2
×2

×2

×2

×2

×4 ×2

Figure 7: Highlighting the isomorphic subtrees of G3

We will discuss our progress towards proving Conjecture 5.2.1. The data found
in {Gn} can be encoded into tables, which we call n-tables.
Let K`,v,n be the number of paths of length ` in Gn that start at a vertex labeled
v and end at a vertex labeled n. For a given n, the table of K`,v,n for all values
of ` and v is called the n-table.
Figure 8 shows G3, the conjectured generalized action graph for S(0,3) in
condensed notation, and Table 4 is the corresponding n-table. For example,
to find K1,2,3, count the paths of length 1 from vertices labeled 2 to vertices
labeled 3 by taking the 2× 2 = 4 paths from the leftmost 2 to vertices labeled
3, and adding the 2×2× 2 = 8 paths from the rightmost 2 to vertices labeled 3.
Together that is 12, as seen in the corresponding entry of Table 4.

0 1

2

3

2

3

3 3×2
×2

×2

×2

×2

×4 ×2

Figure 8: Conjectured G3
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n = 3 v = 0 v = 1 v = 2 v = 3
` = 0 0 0 0 20
` = 1 4 4 12 0
` = 2 8 8 0 0
` = 3 8 0 0 0

Table 4: K`,v,3 values for G3

Each entry in the n-table is completely determined by the graph Gn that it
represents. Assuming Conjecture 5.2.2 is true, we found a way to compute
the entries without having to count each path from each physically drawn
generalized action graph:

• When ` = 0, K0,n,v = 0 for all v values except when v = n; in that case
K0,n,n = S(0,n).

• For ` > 0, entry Kl,v,n in the n-table can be found using Conjecture 5.2.2,
which uses the entries from the corresponding column of the (n−1)-table
for the graph Gn−1.

Conjecture 5.2.2. The number of paths of length ` in Gn+1 that start at a
vertex labeled v and end at a vertex labeled n+1 is given by

K`,v,n+1 =
n+1−`−v

∑
i=0

2
2i K`−1+i,v,n.

We have checked that Conjecture 5.2.2 holds up through the 7-tables, but
for larger n the generalized action graphs and the associated tables become
cumbersome to both create and count. As an example of how to use Conjecture
5.2.2, consider the n-tables for the graphs of S(0,3) and S(0,4) in Tables 5 and
6 respectively.

`

v
0 1 2 3

` = 0 0 0 0 20
` = 1 4 4 12 0
` = 2 8 8 0 0
` = 3 8 0 0 0

Table 5: K`,v,3 values for G3

`

v
0 1 2 3 4

` = 0 0 0 0 0 70
` = 1 10 8 12 40 0
` = 2 20 16 24 0 0
` = 3 24 16 0 0 0
` = 4 16 0 0 0 0

Table 6: K`,v,4 values for G4

We will show how to compute K1,0,4 = 10 from Table 6 using Conjecture 5.2.2:
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K1,0,4 =
3

∑
i=0

2
2i Ki,0,3

=
2
20 (0)+

2
21 (4)+

2
22 (8)+

2
23 (8)

= 10.
If Conjecture 5.2.2 holds, we believe that Conjecture 5 can be used to compute
the next super Catalan number, S(0,n+ 1), using the K`,v,n values from the
n-table for the graph of S(0,n), which would show the graph Gn satisfies Axiom
1.
The subsequent super Catalan number can be computed from the n-table of its
previous action graph via

S(0,n+1) =
n

∑
`=0

(
2
2`

n

∑
v=0

K`,v,n

)
.

This conjecture uses the sums of each column from Table 5. We will check that
Conjecture 5 is true for n = 3:

S(0,4) =
3

∑
`=0

(
2
2`

3

∑
v=0

K`,v,3

)

=
2
20

3

∑
v=0

K0,v,3 +
2
21

3

∑
v=0

K1,v,3 +
2
22

3

∑
v=0

K2,v,3 +
2
23

3

∑
v=0

K3,v,3

= 2(0+0+0+20)+1(4+4+12+0)+
1
2
(8+8+0+0)

+
1
4
(8+0+0+0)

= 70,
which is known to be the super Catalan number S(0,4).
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